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Merging the first and third classes in a connected graph is the operation
of adding edges between all vertices at distance 3 in the original graph while keeping
the original edges. Merging the first m classes in a connected graph is joining all the
pairs of vertices with distance at most m in the graph with edges. In this thesis, we
determine when merging the first and third classes in a bipartite distance-regular graph
produces a distance-regular graph. We also determine when merging the first m classes

in a bipartite distance-regular graph produces a distance-regular graph.
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Chapter 1

Introduction

In graph theory, there are many ways to construct some new graphs from given
graphs. For example, deleting vertices or edges from a graph produces a smaller graph.
There are also methods for constructing a new larger graph from given graphs such as
the union of graphs and the Cartesian product of graphs. The union of graphs is the
graph obtained by taking the union of the vertex sets and the union of the edge sets of
those graphs. Sometimes we call the union of graphs “the merging of graphs”. If those
graphs have a common vertex set, the merging of graphs is joining the pair of vertices
with edges from those given graphs. In this thesis, we focus on merging some classes
in distance-regular graphs.

Sometimes, merging some classes in a distance-regular graph yields again a
distance-regular graph. Merging can be used to construct some new distance-regular
graphs [1, Section 11.4 FJ]. For example, Clebsch graph is defined as the graph ob-
tained from merging the first and fourth classes in the Hamming graph H (4, 2). More
generally, merging classes of association schemes were studied by Kageyama [2], [3],
[4], [5] and Kageyama et al. [6]. In [1, Proposition 4.2.18], Brouwer et al. char-
acterized when merging the first and second classes in a distance-regular graph pro-
duces a distance-regular graph. Merging can be used to characterize certain families
of distance-regular graphs. Brouwer [7] used merging to characterize certain antipodal
distance-regular graphs of diameter 3 with generalized quadrangles containing a spread.
Jurisi¢ [8] determined when merging the first and last classes in an antipodal distance-
regular graph produces a distance-regular graph. He gave a characterization of a class of
antipodal distance-regular graphs with a class of regular near polygons containing a cer-
tain spread. This generalizes Brouwer’s characterization of a class of distance-regular
graphs of diameter 3 with generalized quadrangles containing a spread.

In this thesis, we determine when merging the first and third classes in a bipartite



distance-regular graph produces a distance-regular graph. We also determine when
merging the first m classes in a bipartite distance-regular graph produces a distance-

regular graph.



Chapter 2

Preliminaries

This chapter contains basic definitions and notations used in this thesis. In gen-
eral, we follow [1] and [9].

All graphs considered here are finite undirected simple graphs. For a graph I,
we denote its vertex set by V' (I') and denote its edge set by E(I'). A graph is called
r-regular if all its vertices have degree .- A complete graph is a graph in which every
pair of vertices are adjacent. A complete graph on n vertices is denoted by K,. A
cycle C,, is a graph on n vertices containing a single cycle through all vertices. A
graph I is bipartite if V(I") can be partitioned into two non-empty parts V; and V5 (i.e.,
ViUV, = V() and Vi 0V = @) in such a way that each edge of I' has one end in
V1 and the other in V5. The partition V(I') = V; U V4 is called a bipartition of T'. A
complete bipartite graph 1s a bipartite graph with a bipartition V; U V5 in which every
vertex in V; is joined to every vertex in V5; it is denoted by K, , where |V;| = m and
|Va| = n. The line graph of graph T is the graph whose vertex set is the edge set of I'
and two of these vertices are adjacent if and only if the corresponding edges in " have a
common vertex. A matching in I 1s a set of pairwise non-adjacent edges; that is, no two
edges share a common vertex. A perfect matching of a graph is a matching in which
every vertex of the graph is incident to exactly one edge of the matching. The distance
dr(u,v) of two vertices u and v in a connected graph I is the length of a shortest path
between v and v in I'. The diameter of a connected graph I', denoted by diam(I"), is the
maximum distance of any two vertices of I'.

For a vertex x in a graph I" with diameter d and for i (0 < ¢ < d), define I';(z) to
be the set of vertices at distance ¢ from . For convenience, set I'_;(z) = [';.1(x) = @.
For any connected graph I" with diameter d, we denote by I'; (0 < i < d) the graph
whose vertices are those of I' and two vertices are adjacent if they have distance 7 in I'.

We call I'; the ith class of I'. In particular, I'y = I'. For any connected graph I' with



diameter d > 3, we let I'y 3 := I'; U I'; denote the graph whose vertices are those of
I" and two vertices x and y are adjacent if dr(z,y) = 1 or 3; in other words I'; 3 is the

graph obtained by merging the first and third classes of I

Example 2.1. Figure 2.1 shows the graphs I'y, I'; and I'; 3 of the graph I' = Cj.

I = Fl FB F1,3

Figure 2.1: The graphs I'y, I's and I'y 3 where I' = Cj

Example 2.2. Figure 2.2 shows the graphs I'y, I'; and I'; 5 of the graph I' = (.

£ o

=1,

Figure 2.2: The graphs I'1, I's and I'y 3 where I' = C'o

For any connected graph I' of diameter d > 2 and for integer m < d, we let

------

77777

graph obtained by merging the first m classes of I'.

Example 2.3. Figure 2.3 shows the graphs I'y, I'y and I'; 5 of the graph I' = Cj.



F = Fl FQ F172

Figure 2.3: The graphs I'y, I'y and I'y » where I' = Cj

e

I'io

Figure 2.4: The graphs I'1, I's and I'; » where I' = Cs

Example 2.4. Figure 2.4 shows the graphs I'y, I'; and I'; 5 of the graph I' = Cs.

Example 2.5. Figure 2.5 shows the graphs I';, I's and T'; 5 5 of the graph I' = Cs.

s

r=rn, T INEF

Figure 2.5: The graphs I';, I's and I'; 5 3 where I' = Cy

Example 2.6. Figure 2.6 shows the graphs I';, I'y, I's and I'; 5 5 of the graph I' = C'y.

For vertices « and y of I' at distance ¢ (0 < i < d), we define ¢;(z,y) =



Figure 2.6: The graphs I'1, I'y, I's and I'; 5 5 where I' = ('

IDic1(2) N Ta(y)]s ai(e, y) = Fi(z) 0 Di(y)] and bi(z,y) = [Tiga(z) N T1(y)] (see
Figure 2.7).

ci(z,y)

Ty(x) Lii(z) Li(x) Lia(2) L)

Figure 2.7: The illustrations for the ¢;(x,y), a;(z,y) and b;(x, y)

Definition 2.7. A multipartite graph is a graph whose vertex set can be partitioned into
at least two parts so that no edge has both ends in any one part. If the number of the
parts is n, then the graph is called an n-partite graph. A complete multipartite graph is

a multipartite graph in which each vertex is joined to every vertex that is not in the same



part. If the partition contains n parts whose sizes are ki, ko, . . . , k,, then the complete

multipartite graph is denoted by Kj, r, . %, Where k; > 2 for some 1 < i < n. We

denote the complete n-partite graph in which each part in the partition has size r by
K, «,. In particular, the complete n-partite graph /K, is also known as the n-cocktail
party graph, the hyperoctahedral graph or Roberts graph.

Note that a complete n-partite graph K, has nr vertices and diameter 2.

Example 2.8. Figure 2.8 shows the graph K- or the 4-cocktail party graph.

Figure 2.8: The complete multipartite graph /4. o or the 4-cocktail party graph

Definition 2.9. For positive integers m and n, the (m x n)-grid is the line graph of the

complete bipartite graph K, , (sometimes known as a rook graph or a lattice graph).
Note that the complement of a (2 x m)-grid where m > 3 (sometimes known

as a crown graph) has 2m vertices and diameter 3 and it can be viewed as a complete

bipartite graph K, ,,, from which the edges of a perfect matching have been removed.

Example 2.10. Figure 2.9 shows the graph K> 3, the (2 x 3)-grid, and the complement
of a (2 x 3)-grid.

Definition 2.11. For integers d > 1 and ¢ > 1, the Hamming graph H(d, q) is the graph
whose vertex set consists of the words of length d from an alphabet of size ¢, where two

vertices are adjacent if they differ in precisely one position.



Ko (2 x 3)-grid  the complement of a (2 x 3)-grid

Figure 2.9: The graph K> 3, the (2 x 3)-grid, and the complement of a (2 x 3)-grid

Note that a Hamming graph H(d, ¢) has ¢¢ vertices and diameter d.
The Hamming graph H(d, 2) is also called a (hyper)cube or d-cube and it is a
bipartite graph.

Example 2.12. Figure 2.10 shows the Hamming graph H (3, 2).

011 111

001 101

010 110

000 100

Figure 2.10: The Hamming graph H (3, 2)

Definition 2.13. For an integer d > 1, let Y, denote the graph with vertex set V' (H (d, 2)),
and two vertices are adjacent in Yy if they are at distance 2 in H (d, 2).

Note that Y is not connected, but it contains two isomorphic components on
24=1 yertices, each of which is called a halved d-cube.

Note that a halved d-cube has 29~ vertices and diameter L%J .



Example 2.14. Figure 2.11 shows Y3 and a halved 3-cube.

a halved 3-cube

Figure 2.11: The graph Y3 and a halved 3-cube

Definition 2.15. For integers n > 1 and k > 1, the Johnson graph J(n, k) is the graph
whose vertex set consists of the k-subsets of {1, ..., n}, where two vertices are adjacent
if their intersection has cardinality k£ — 1.

Note that a Johnson graph J(n, k) has (}) vertices and diameter min(k, n — k).

Example 2.16. Figure 2.12 shows the Johnson graph J(4, 2).

12,3}
4 ~
{1,2} (3,44
{2,4}

Figure 2.12: The Johnson graph J (4, 2)
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Definition 2.17. Let X be the set of cardinality 2m + 1 where m > 3.

The doubled Odd graph on X is the graph I' whose vertices are the m-subsets
and (m + 1)-subsets of X, and distinct vertices A, B € IT" are adjacent if A C B or
B C A.

Note that a doubled Odd graph on 2m + 1 points is a bipartite graph with diam-

eter 2m + 1 and has (2m+1) + (2m+1) vertices.

m m—+1

Example 2.18. Figure 2.13 shows a doubled Odd graph with X = {1,2,3}.

{1} {1,2}
{2} {1,3}
{3} {2,3}

Figure 2.13: The doubled Odd graph on X = {1,2,3}



Chapter 3

Distance-regular graphs

In this chapter, we review some basic concepts and relevant results about distance-
regular graphs. In general, we follow [1], [10] and [11].
A connected graph I' of diameter d is said to be distance-regular whenever for

any two vertices x and y in I at distance ¢, the numbers
C; ‘= |F2_1(.CU) N F1<y)’, a; ‘= ‘Fl(ﬂf) ﬂFl(y)| and bl = |FH_1(.CE> N F1<y)’

depend only on the distance dr(x,y) = i rather than on individual vertices. When this
is the case we call numbers ¢;,a; and b; the intersection numbers of I'. Observe that
ap =0, ¢ = 1and ¢y = by = 0. Wedenote k; = |I';(z)| (0 < i < d). In particular,
ko = 1and k; 1 = bik;/eipq (0 <i<d—-1). By[l, p.127],

™ boby -+ - bi—y

C1Cp- - G

ki (1<i<d) 3.1)

I'y(z) Lia() Li(z) Liti(z) La(z)
Figure 3.1: The illustrations for the ¢;, a; and b;
Observe that I is regular of degree k = k; = by and has kg + k1 + ko + ... + kg

vertices. Moreover, ¢;+a;+b; = k (0 <1i < d). Wecall {by, b1, ...,bs_1;¢1,Ca,...,Ca}

the intersection array of I'.



12

More generally, let x and y be two vertices at distance h in a distance-regular

graph I' with diameter d. Then the numbers
piy = Ti(w) NTj(y)| = [{z € V() | dr(z,2) = i and dr(y, 2) = 7}

exist (i.e., they only depend on h,: and j) for integers 0 < h,i,7 < d. Note that
Pl =l (0 < h,i,j < d). Observe that ¢; = pi; , (1 <i<d),a;=p},; (0<i<d),
bi =l (0<i<d—1),and k; = pj; (0 <i < d).

Lemma 3.1. [1, p.127, Lemma 4.1.7] Let I' be a distance-regular graph with diameter
d. Then for all integers 0 < h, 1,5 < d the followings hold.

(1) pzhj = 0 if one of h, 1, j is greater than the sum of the other two.
.o h . . ..
(ii) pi; # 0 if one of h, 4, j is equal to the sum of the other two.

Assume that " is a bipartite distance-regular graph with diameter d and has
bipartition V;UV5,. Let x be a vertex in V. Since any path in I" has its vertices alternating
between V) and V5, we have V| = U [i(x) and Vo = U [';(x). Thus for any i
(1 <i < d),the set I';(x) is contairzlgc;v;; a bipartition V} (;rls{)/id. So no two vertices in
[';(x) are adjacent, which means a; = 0 forall 4 (0 < i < d). Hence b; + ¢; = k for all
i (0 <14 < d).Inparticular k& = by = cy4. Since bipartite graphs contain no odd cycles,

we have the following lemma.

Lemma 3.2. A distance-regular graph is bipartite if and only if p?j =0forallh+i+j
is odd.

Example 3.3. The following graphs are distance-regular.

(i) Forn > 2, a complete graph K, is a distance-regular graph with diameter 1 and

has intersection array {n — 1;1}.

(i) Forn > 1and r > 1, a complete n-partite graph /i, is a distance-regular graph

with diameter 2 and has intersection array {r(n —1),r — 1;1,7(n — 1)}.

(iii) For n > 3, a cycle C, is a distance-regular graph with diameter d = ng and

has intersection array {2,1,1,...,1;1,1,1,...,¢4} where ¢; = 1 if n is odd and

cq = 2 if n is even. Moreover, if n is even, (), is bipartite.
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(iv) A complement of a (2 x m)-grid where m > 3 is a distance-regular graph with
diameter 3 and has intersection array {m — 1,m —2,1;1,m —2,m — 1} (See [,

p.432)).

(v) A Hamming graph H(d, q) is a distance-regular graph with diameter d and has
intersection array {d(¢—1), (d—1)(¢—1),(d—2)(¢—1),...,q—1;1,2,3,...,d}
(See [1, Theorem 9.2.1]).

(vi) For d > 3, a halved d-cube is a distance-regular graph with diameter L%IJ and its

intersection array is given by
1 . : A . ‘ d
b; = §(d—21)(d—22—1), ¢ =14(2i—1) for0<i< B
(See [1, p.264]).

(vii) A Johnson graph J(n, k) is a distance-regular graph with diameter d = min(k, n—

k) and its intersection array is given by
bi=(k =) (n—k—i), ¢ =i for0<i<d
(See [1, Theorem 9.1.2]).

(viii) A doubled Odd graph on 2m + 1 points is a distance-regular graph with diameter
2m + 1 and has intersection array {m +1,m,m,... 1, 1;1,1,....m,m m+1}

(See [1, Theorem 9.1.8])).

Example 3.4. Referring to the Example 2.1, the graph I'; 5 of the graph I' = Cj is
isomorphic to the graph in Figure 3.2 and it is a distance-regular graph with intersection

array {3,2;1,3}.

Example 3.5. Referring to the Example 2.4, the graph I'; 5 of the graph I' = (5 is

isomorphic to the graph in Figure 3.3 and it is not a distance-regular graph because

bg(ul,U;J,) =1 7é 2= bg(ul,U5).

Example 3.6. Referring to the Example 2.3, the graph I'y ; of the graph I' = Cj is
isomorphic to the graph in Figure 3.4 and it is a distance-regular graph with intersection

array {4,1;1,4}.
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Figure 3.2: The graph I'; 3 of the graph I' = Cj

Uy
U2 Uz
Uu10 Uy
Ug Us
us W Ug
7

Figure 3.3: The graph I'y 3 of the graph I' = C},

&

Figure 3.4: The graph I'; 5 of the graph I' = Cj

12

112

Example 3.7. Referring to the Example 2.4, the graph I'; ; of the graph I' = Cj is

isomorphic to the graph in Figure 3.5 and it is not a distance-regular graph because

by(uy,us) =1 7# 2 = by(uq,us).
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U2 Uy us Uyg
f us i

U2
Uy

10

Us U1 2
8
g
U
us Ug Uy 6

Figure 3.5: The graph I'; 5 of the graph I' = Cj

Example 3.8. Referring to the Example 2.5, the graph I'; 5 3 of the graph I' = Cj is
1somorphic to the graph in Figure 3.6 and it is a distance-regular graph with intersection

array {6,1;1,6}.

|12

Figure 3.6: The graph I'y 5 3 of the graph I' = Cy

Example 3.9. Referring to the Example 2.6, the graph I'y 5 3 of the graph I' = ()
is isomorphic to the graph in Figure 3.7 and it is not a distance-regular graph because

bl(ul,UQ) =1 7é 3= b1<U1,U4).

A k-regular graph with v vertices is strongly regular if there exist positive in-
tegers A and y such that every two adjacent vertices have A common neighbors, and
every two non-adjacent vertices have 1 common neighbors. A graph of this kind is
sometimes said to be a strongly regular graph with parameters (v, k, A, y1). Connected

strongly regular graphs are precisely distance-regular graphs with diameter 2. In terms
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Ul Us

U0 us3

Ug Uy

us Us

ur Ug

Figure 3.7: The graph I'y 5 3 of the graph I' = (¢

of the parameters (v, k, \, ), the intersection array is given by {k, k — 1 — \; 1, u}.
Observe that the complete multipartite graph K, is a strongly regular graph

with parameters (v, k, X, it) = (nr, (n—1)r, (n—2)r, (n—1)r). Moreover, it is the only

strongly regular graph with ;o = £ (see [1, Theorem 1.3.1]). In particular, the n-cocktail

party graph is a strongly regular graph with parameters (2n, 2n — 2,2n — 4, 2n — 2).

Example 3.10. Referring to the Example 3.4, Example 3.6, and Example 3.8, these

graphs are distance-regular graphs with diameter 2, so they are strongly regular graphs.

(i) Referring to the Example 3.4, the graph I'; 5 of the graph I' = Cj is a strongly

regular graph with parameters (6, 3,0, 3) which is a complete bipartite graph K ;.

(ii) Referring to the Example 3.6, the graph I'; 5 of the graph I' = Cj is a strongly
regular graph with parameters (6, 4, 2,4) which is a 3-cocktail party graph.

(iii) Referring to the Example 3.8, the graph I'; 5 3 of the graph I' = Cy is a strongly
regular graph with parameters (8, 6,4, 6) which is a 4-cocktail party graph.

Let I" be a distance-regular graph with diameter d. For each integer i (0 < i <
d), let A; denote the |V(I')| x |V(I')| symmetric matrix with (z, y)-entry
1 ifd(z,y)=1i

0 ifd(x,y) #1i
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We call A; the ith distance matrix of I'. We abbreviate A = A;, and call this the

adjacency matrix of I'. Observe
d d
W) Ag=1, (i)Y Ai=J, (@i)Al=A4;, @(v)AA =) pha,
i=0 h=0

where J is the all 1’s matrix. We recall some results that will be used later. Brouwer et
al. provided short proofs for the following results ([1, Lemma 2.1.1], [1, Lemma 4.1.7])

for which we extend and give more detailed proofs.

Lemma 3.11. [1, Lemma 2.1.1] For a distance-regular graph with diameter d and for

0<h,i,j,r<d

d
DAL Z pipt;
s=0

Proof. Expanding each side of the equation A (A, A;) = (A;A,)A;, we have
p g q j J

Aj(ArAi) = A; ( Xd:piiAs) - Zd:pii(AjAs) ) Zd:pii ( Xd:p?sflh)
s=0 s=0 s=0 h=0
(A4;Ar)Ai = (zd:p§rAt) ijr (A/A; ijr < ZPZAh)

t=0
d
Since Ay, A1, Asg, . .., Ay are linearly independent, we obtain Z pﬁipsj Z pltpm as
s=0

desired. U
Lemma 3.12. [1, Lemma 4.1.7] For a distance-regular graph with diameter d and for

0< h,1,5 <d,
pf}j = Onj» p?o = i, pZdH =0,

1
p?—i—l,j = c (pl_] le 1 +ng( - al) +pz G165+ — p?—l,jbi—l) : (3.2)

i+1

In particular,

itj _ Ci1Cit2 " Citj i—j _ bicibig -+ bij

p — ..
i CiCy -+ Cj ’ * CiC2 -+ Cj
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Proof. Clearly, pgj = Onj» pzho = 0p; and pZdJrl = 0.

d d
Taking 7 = 1 in Lemma 3.11, we have Zpiip?j = szgptlj. By Lemma 3.1,
=0

s=0
we have

d
s ho_ . i-1_h i h i+l h _ h h h

E PiiPs; = DPii Pi—1y + Puli; + Pis Pivry = bicabiy; + aipij + Ciyapiyq; and

s=0

d
- . 1
> ooty = ol aplt el el = ol b+ plag + pljicio. Then
t=0
the result follows.

In particular, taking h = ¢+ j and j = j —11in (3.2). By Lemma 3.1(i), we have

itj _ i+j
Cit1Pia,—1 = CiPij -

In other words,

it Citl it

P;; "Dyt
Cj
Thus
i+ CitlCig2 ot Cigg ity 0 Gip1CGig2 0 Cigg
pi;m = it3,0 .
CjCj,1 § "X & C1Cy -+ Cj

Next, taking h =7 — jand 5 = 3 —11in (3.2). By Lemma 3.1(i) we have

In other words,

A INT
Dij” = O
Cj
Thus
i—j bimabi—o v by _biabig - b
bijm = “Pisjo = :
Cjcj—l e C1 CiCy -+ Cj

For convenience of use we state some special cases of the above formula.

Corollary 3.13. For a distance-regular graph with diameter d and for 0 <1 < d,

i _Cim1G il Civ1(ai + aipy1 —ar)
Dioo = ) Pio = )
Co Co
Pl = bi—1b; it = bi—1(a; + ai—1 — ay)
i+1,2 Cs ) ©2 s .

Proposition 3.14. [10, 12, 13] For a distance-regular graph with diameter d, the fol-

lowing restrictions on the intersection array hold.
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) k=by>by>by>...2bs_1>b;=0andl =c; <y <...<¢y <k
(i) Ifi+j <d, thenc; <b;.
(ii1) All parameters p?j are nonnegative integers.
(iv) Thereis ani suchthat ko < k; < ... < k;and ki1 > ko > ... > kg

An antipodal graph is a connected graph I with diameter d > 1 for which ['; is

a disjoint union of complete graphs.

Example 3.15. Referring to Definition 2.7, the complete n-partite graph K, ., is an
antipodal graph with diameter 2. For instance, the complete 3-partite graph K33 in
Figure 3.8 is an antipodal distance-regular graph with intersection array {6,2;1,6}.

Observe that I's of K343 1s a disjoint union of K3’s.

Iy

Figure 3.8: The graphs I'; and I's where I" 1s the complete 3-partite graph K53

Example 3.16. Referring to Definition 2.9, the complement of a (2 x m)-grid is an
antipodal graph with diameter 3. For instance, the complement of a (2 x 5)-grid in
Figure 3.9 is an antipodal distance-regular graph with intersection array {4, 3, 1; 1,3, 4}.

Observe that I'3 of the complement of a (2 x 5)-grid is a disjoint union of K’s.

Example 3.17. Referring to Definition 2.11, the Hamming graph H (d, 2) is an antipo-
dal graph with diameter d. For instance, the Hamming graph H(3,2) in Figure 3.10
is an antipodal distance-regular graph with intersection array {3, 2, 1; 1,2, 3}. Observe

that I's of H(3,2) is a disjoint union of K’s.
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Figure 3.9: The graphs I'y and '3 where I is the complement of a (2 x 5)-grid

AN/

=T, T,

Figure 3.10: The graphs I'; and I'; where I" is the Hamming graph H (3, 2)

Proposition 3.18. A distance-regular graph with diameter d_is antipodal if and only if

phy = 0 unless i = 0 or d.

Proof. Let I' be a distance-regular graph with diameter d. By the definition, I' is
antipodal if and only if ['; is a disjoint union of complete graphs. Equivalently, the
vertices at distance d from a given vertex are all at distance d from each other. In other
words, for vertices =,y in I with dr(z,y) =i (1 < i < d—1),py;, = |{z € V(T) |
dr(z,z) =dand dr(y,z) = d}| =0. O

Proposition 3.19. [14] Let I be a distance-regular graph with diameter d € {2m, 2m+
1}. Then T is antipodal if and only if b; = cq_; forall i (0 <i < d—1,i # m).

Corollary 3.20. Let I' be a bipartite distance-regular graph with odd diameter d. Then
' is antipodal if and only if b; = cq_; forall i (0 <1i < d —1).
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Proof. For a positive integer m, let I' be a bipartite distance-regular graph with diameter
d = 2m + 1. Assume that I is antipodal, by Proposition 3.19, we have b; = c,_; for all
i (0 <i<d—1,7% m). Inparticular, by1 = Ci—(m+1) = Comti—(m+1) = Cm. Since
I' is bipartite, b; +c¢; = k for 0 < j < d. Hence b,, = k — ¢;, = k — b1 = ¢puq1. The

other direction follows by Proposition 3.19. U

Corollary 3.21. Let I' be an antipodal bipartite distance-regular graph with odd diam-
eter d. Then k; = kq_; for all i (0 < i < d). In particular, kg = 1.

Proof. For 0 < i < d, we have

_ boby 1+ bi—1bibig1 -+ ba—i—q 2N boby - -+ by —

C1Cp+* * CiCik1Cia " " Cd—i C1C2 - ¢

Kq—i
where the second equality follows from Corollary 3.20. In particular, k; = kg = 1. [

Corollary 3.22. Let ' be an antipodal distance-regular graph with even diameter d.
Then k; = kd_ibg/c% forall i (g <4 <.d). In particular, kg = b%/c%.
Proof. For % < 1 <'d, we have

. boby - ..b%_lb%b%H < A boby -+ bg—i1 — kg -

o | (el
Nl Sl

o | (=l
N Nl

0102...Cgcg+10%+2...ci C1C " - - Cq—;

where the second equality follows from Proposition 3.19. In particular, k; = ko -

o | j=l
N Nl

o | >
vlar |l
U



Chapter 4
Merging the first and third classes in bipartite distance-regular

graphs

In this chapter, we start by investigating some properties of I'y 3, where I is bi-
partite or distance-regular. Then, we determine when merging the first and third classes
in a bipartite distance-regular graph produces a distance-regular graph.

For a connected bipartite graph, the distance between two vertices in the same
part is even and the distance between two vertices in different parts is odd. In particular,
let « be a vertex of a connected bipartite graph I'. Then for vertices y and z of T,
dr(y, z) is even if and only if dr(z,y) and dp(z, ) have the same parity, and dr(y, 2)
is odd otherwise.

Throughout this chapter, we denote [ := I'y 5, ¢i(z,y) = |[I_;(x) N (y)],
aj(r,y) = |Ti(x) NI ()] and bi(z, y) = [Ty (@) 0T (y)] for i € {0,1,2,...,
diam(T")}.

Proposition 4.1. If I' is a bipartite graph, then Ty 3 is also bipartite with the same

bipartition.

Proof. Let I be a bipartite graph. Let 1/} U V5 be a bipartition of I'. Let x and y be two
adjacent vertices in I'; 5. Thus dp(z,y) = lor3,soz € V; and y € V; where ¢ # j.

Consequently, I'y 5 is a bipartite graph with bipartition V' (I'; 5) = V; U V5. O
Proposition 4.2. If I is a distance-regular graph, then I := T’y 5 is (ki + k3)-regular.

Proof. Let I be a distance-regular graph. Let x € V(I'). Then I} (z) = I'1(x) U I's(2)
so the degree of x in [ is [['y(z) U T's(z)| = k1 + ks. O

A cycle of even length is a bipartite distance-regular graph. We first characterize

when merging the first and third classes in a cycle produces a distance-regular graph.
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Proposition 4.3. Let I be a cycle Cyq where d > 3. Then 1" := 1y 5 is distance-regular

(with diameter [%1) if and only if d < 5.

Proof. For I' € {Cg,Cs, Cho}, it is easy to see that [y 5 is distance-regular. Now let
I' = Cyq where d > 6. Then |V(I')| > 12. Let V/(I') = {vy, v2, v, ..., vaq} Where v;, v;
are adjacent if |i — j| = 1(mod 2d). Note that dr(vy,v3) = dp(v1,v5) = 2. We have
ch(v1,v3) = [{v2,v4, 024} = 3 and ch(vy,v5) = [{v2,v4}| = 2. Hence ¢, does not

exist, so I'y 3 is not a distance-regular graph. U

The graphs obtained by merging the first and third classes in the cycles Cs and
Cy are the complete bipartite graphs K33 and K4 4, respectively. For C), the resulting
graph is the complement of a (2 x 5)-grid.

We now characterize when merging the first and third classes of a bipartite
distance-regular graph produces a distance-regular graph. 'We divide our results ac-
cording to the diameter of the original graph.

For diameter 3, Brouwer showed the following characterization. We provide the

proof of this lemma that is omitted in [7].

Lemma 4.4. [7] Let I be a distance-regular graph with diameter 3. Then 1" := 1"y 5 is

a distance-regular graph with diameter 2 if and only if c3(a3 + as — a1) = byas.

Proof. We first prove the necessity. Assume that [ is a distance-regular graph. Then
b) exists. Let z € V(I'). Then I'|(z) = Ty(x) U D5(z) and T'y(x) = [y(z). We
calculate b from vertices in I'y(z) and I's(z). Lety € I'y(z) and z € T'3(z). We have

Vi(z,y) = pb, + pis and b (z, 2) = p3, + p3,. Thus b} = pl, + py = p3, + p3,. By

Lemma 3.12, we have ph; = by, p3; = c3, phy = 22 and py = L (csby+a3—ayag—by).
Hence
bob 1
bl + =1 =c3+ —(Cng + CL% — ajas — bo)
C1Co Co

Using the fact that a;+b,+c¢; = k (1 <i < 3),wehavea;+b; = k—1,as+bs+co =k
and a3 + c3 = k. Simplifying the above equation, we obtain c3(az + as — a1) = byas as
desired.

For the sufficiency, we assume that c3(ag + aa — a;) = bjas. From the above

proof, we know that c3(as + as — a;) = bjas implies b exists. Observe that " has
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diameter 2. We see that b)) = ki + k3, ¢} = 1 and ¢, = 3 + 2by + p3;. Hence I is a

distance-regular graph. O

For a bipartite distance-regular graph of diameter 3, the condition above always

holds, so we obtain the following result.

Theorem 4.5. Let I" be a bipartite distance-regular graph with diameter 3. Then I :=
I'y 3 is a distance-regular graph with diameter 2. Moreover, I'y 3 is a complete bipartite

graph K, ,,,, where m = 1 + ky = ki + k.

Proof. Letz € V(I'). Then I} (z) = I'y(x) Ul'3(x) and I, (z) = I'y(x). By Lemma 4.4
and since a; = ay; = az = 0, the graph I’ is a distance-regular graph with diameter
2. Moreover, I" is bipartite with bipartition ({z} UI'>(z)) U (I'1(z) U 's(x)). Since
by = cy = k1+ks, each vertex in {z} Uy () is adjacent to every vertex in I'y (x)UL'3(z).
Consequently, I is a complete bipartite graph Ky, k;4#,. Since I is regular, we have

14+ ko = k1 + ks. O

Theorem 4.6. Let I be a bipartite distance-regular graph with diameter 4. Then 1" :=
'y 5 is a distance-regular graph with diameter 2. Moreover, 1'y 5 is a complete bipartite

graph K, ,,,, where m = 1 + kg + ks = k1 + ks.

Proof. Let x € V(I'). Then I (z) = I'y(x) UT'3(x) and I'y(a) = I'y(z) UTy(z). Ttis
easy to see that by = ki + ks and ¢} = 1. It remains to show that b} and ¢, exist.

Let y € I'y(z). Since dr(y,u) = 1 or 3 for allu € I'y(z) and dr(y,v) = 3
for all v € T'y(x), we have U (z,y) = ko + k4. Let z € I's(z). Since I' is bipartite
with diameter 4, we have dr(z,v) = 1 or 3 for all v € I'y(z) U 'y(x) = T')(x). Thus
bi(x, z) = ko + ky. It follows that b = ko + k4.

Let u € I'y(x). Since I' is bipartite with diameter 4, we have dr(u,y) = 1
or3forally € I'y(z) UTs(z) = I"(z). Thus cy(z,u) = ky + ks. Letv € [y(x).
Since dr(v,y) = 3 forall y € I'y(z) and dr(v,2) = 1 or 3 for all z € I';(x), we have
ch(x,v) = ky + k3. Thus ¢, = ky + ks.

Thus I is a distance-regular graph with diameter 2. Moreover, the graph I" is

bipartite with bipartition ({2} U I'y(z) U T4(z)) U (I'1(z) UT3(z)). Since b)) = ¢

/
2
k1 + k3, each vertex in {x} UT's(x) UT'4(z) is adjacent to every vertex in I'y () UT'5(z).
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Consequently, I is a complete bipartite graph Ky, 1, k,+45- Since [ is regular, we

havel+k:2+k:4:k:1+k:3. O

Theorem 4.7. Let I' be a bipartite distance-regular graph with diameter 5. Then I :=
I'y 3 is a distance-regular graph (with diameter 3) if and only if by = bycs. In this case,

'y 3 has the intersection array {ky + ks, k1 + k3 — 1,p25; 1, k1 + ks — p23, k1 + k3}.

Proof. We first prove the necessity. Assume that [ is a distance-regular graph. Then
by exists. Let x € V(I'). Then I (z) = I'1(x) U '3(x), I'y(x) = Ta(x) U Ty(x) and
['y(x) = T's(x). We calculate b, from vertices in I';(z) and I'y(x). Let y € T'y(z) and
z € T'y(x). We have by(z,y) = p2; and by (x, 2) = by + pis. Thus by = p2; = by + pis.
By Lemma 3.12, we have pZ;, = % and pi, = é [é(&;bg + bycs — by)by — biby]|.
Simplifying the above equation, we have bybs = coc3 + c4b3 + bycs — by — bico. Since
[ is bipartite, ¢; = k — b; (1 < i < 5). Substituting ¢; = k — b; and b; = k — 1 in the
above equation, we have by = by(k — b3) = bycy as desired.

For the sufficiency, we assume that by = bscg3. From the above proof, we know
that by = bycs implies b exists and b, = p2;. Observe that [ has diameter 3. We see
that b, = k1 + k3 and ¢ = 1. By Proposition 4.1 and Proposition 4.2, ['" is bipartite and
(k1 + ks3)-regular. Therefore &y + kg = b(z,y) + ci(w,y) for 0 < i <3and z € V(I),
y € I'i(x). So ¢ = k; + k3. It remains to show that b} and ¢, exist. Let z € V(I"). We
compare V) (z,y) and b} (z, 2), where y € I'y(z) and 2z € I'3(x). Since ¢ = 1, we have
bi(z,y) =ki+ ks =z, y) = k1 + ks =1 =ki+ ks — i (x,z) = V) (z, 2). It follows
that o) = ki + k3 — 1. Also, we compare ¢, (x,u) and ¢,(x,v), where u € I'y(z) and
v € T4(z). Since b, = p;, we have d(z,u) = ky + ks — bhy(z,u) = ky + k3 — p2y =
ki + ks — bh(z,v) = dy(x,v). It follows that ¢, = k; + k3 — p2;. Hence I" is a

distance-regular graph. O

Lemma 4.8. If I is an antipodal bipartite distance-regular graph with diameter 5, then

by = c3 and by = 1. In particular, 1'y 3 is distance-regular:
Proof. By Corollary 3.20 and Theorem 4.7. 0

Lemma 4.9. Let I" be a bipartite distance-regular graph with diameter 5 such that

by = bycs. Then by = 1 if and only if T is antipodal.
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Proof. The sufficiency result follows from Lemma 4.8. To prove the necessity, let I' be
a bipartite distance-regular graph with diameter 5 such that by = byc3 and by = 1. Then
by = c3 and by = co. Since by = 1 = ¢y, we have by = k — 1 = ¢4. Since I is a bipartite

distance-regular graph, by = c5. Thus I is antipodal. U

Corollary 4.10. Let I be a bipartite distance-regular graph with diameter 5 such that
by = 1. Then I'y3 is a distance-regular graph (with diameter 3) if and only if I" is
antipodal. In this case, Iy 3 is the complement of a 2 x (ki + ks + 1)-grid.

Proof. Let I' be a bipartite distance-regular graph with diameter 5 such that b, =
1. By Theorem 4.7, Lemma 4.8 and Lemma 4.9, the graph I'; 5 is distance-regular if
and only if I' is antipodal. In this case, by Theorem 4.7, the graph I'; 5 is a bipartite
antipodal graph with diameter 3 having intersection array {k; + k3, k1 + ks — 1, 1; 1,
ki+ks—1, k1+ks}. By [1, p.432], we have I'; 3 is the complement of a 2 x (k;+k3+1)-
grid. U

Theorem 4.11. Let I be a bipartite distance-regular graph with diameter d > 6. Then

I :=T'y 5 is not a distance-regular graph.

Proof. Letxz € V(I'). Since d > 6, then I (z) = I'i(z) UT'3(z), ['y(x) = [y(x) U
[y(z)UT¢(z) and I's(z) C I'4(z). Suppose that I is a distance-regular graph. Then b,

exists. We calculate b/, from vertices in I's(2) and I'y(z). Let y € ['y(z) and z € T'y(x).

By Lemma 3.12, we have p2; = 225 and piy = L | L (cabs + bacs — bo)by + 2% — by b,

C1C2C3 c3

for d > 6 and pi, = 2% for d > 7. We distinguish two cases.

cicacs

Casel:d=6.
We have b, (z,y) = p2; and by(z,2) = by + pis. Thus by = pZ; = by + pis.

Simplifying the above equation, we have
bgbg = CoC3 + C4b3 + b4C5 — b() + b506 — blcg. (41)

Case2:d>"1.
We have b (z,y) = p2; and by(x,2) = pis + by + pa;. Thus by, = p2, =

pas + by + pis. Simplifying the above equation, we have

bgbg = b5b6 + cocy + C4b3 + b4C5 — bo + b566 — blcg. (42)
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Since I is bipartite, b; = k — ¢; (0 < ¢ < d). Substituting b; by k — ¢; in
equations (4.1) and (4.2), we have c4(c3 +¢5) = (¢4 + c3 — 1)k + ¢5 for d > 6. Observe

that
ca(cs+e5) < cyles+k—1) = ¢4k + ca(cs — 1)

< C4]€—|—]€(03— 1) < C4]€+l€(03— ].)+CQ
= (C4+63—1)]€+02.
It follows that c4(c3 + ¢5) < (¢4 + c3 — 1)k + c2, a contradiction. Hence, I'; 3 is not a

distance-regular graph. O
We summarize our results in the last theorem.

Theorem 4.12. Let I be a bipartite distance-regular graph with diameter d > 3. Then

'y 5 is a distance-regular graph if and only if one of the following conditions holds:
(i) d<4

(1) d = 5 and by = bycs.



Chapter 5

Merging the first m classes in bipartite distance-regular graphs

In this chapter, we start by investigating some properties of I’y 5, where I is
a bipartite distance-regular. Then, we characterize when merging the first and second
classes in a bipartite distance-regular graph produces a distance-regular graph.

Next, we describe some properties of I'y .. ,,, where I' is bipartite distance-
regular and m > 3. Then we determine when merging the first m classes in a bipartite
distance-regular graph produces a distance-regular graph.

Throughout this chapter, we denote I := I'y o, ¢i(x,y) = |I,_, () N (y)],
a(a,y) = D) N Ty(y)| and H(eyy) = [Dhy(e) N Th(y)| for i € {0,1,2....,
diam(I")}.

5.1 Merging the first and second classes in bipartite distance-regular

graphs

In this section, we determine when merging the first and second classes in a
bipartite distance-regular graph produces a distance-regular graph.

Observe that for a bipartite distance-regular graph I' with diameter d, the graph
I" =Tz is (ki + ko)-regular with diameter | %1 ] and T'j(z) = I'y;—(z) U I'y;(x) for
1<i< |4

For the case d = 2, the graph I'; 5 is a complete graph of order k; + k2 + 1 which
is a distance-regular graph. Now we consider the case d > 3.

Throughout this section, we denote ;1 = ¢ and A = aj.

First we discuss the characterization result from [1]. We provide the proof of

this theorem that is omitted in [1].

Proposition 5.1. [1, Proposition 4.2.18] Let I be a distance-regular graph with diam-
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eter d. Then 1" := Ty 5 is distance-regular if and only if we have
bj,1+Cj+1—aj:k+/L—)\ fOT‘ZSJSd—l (51)
If this is the case, then I'| 5 has diameter \_‘” j and parameters

boj_1bo/p if 1< j < L%J
ky + ko if j=0,

calk+p—A+ag—bg)/p if j =42 and dis odd

Coj—1Ca; /b otherwise '

Proof. We first prove the necessity. Assume that I is a distance-regular graph with
diameter d' = | |. Then b, and ¢} exist for 1 < i < d'. Letz € V(I'). Then
[i(x) = Toiq(x) UT9(x) and Ty(z) € TV () for 1L < i < d. We calculate b,
(1 <i < d'—2)from vertices in I'y; () and I'y;(z). Lety € T'y;_1(z) and z € Ty;(x).
We have bj(z,y) = p21+1 o and b(z, z) = pg§+1,1 + pg§+1,2 + p§§+2,2‘ Thus

/ 21 % 2 %
by = = Pois1p = Poig1,10 T P2i412 T P2ig22 (5.2)

By Lemma 3.12, we have p3l., | = by. By Corollary 3.13, we have p5/ .1, = —b%;;b%

b

_ boi(agiyitaz—a1) _ b

P2z+1 2 = 2 and p2¢+2 VA

fact that a; + bz + ¢ = k (1 S 1 S d), we obtain bQi—l + Cojr1 — Qg3 = k +c — ap

bm“ . Simplifying equation (5.2) by using the

(1<i<d —2). Thatisb;_1+c¢jpy —a; =k + p— Afor2 < j <d—1. Wealso
calculate ¢, (2 <7 < d — 1) from vertices in I'y;_;(2) and T'y;(x). Let y € T'y;_1(2)
and z € T'y;(x). We have ¢i(x,y) = pgi ! 21 —|—p§2 12 —i—pgj !

Thus

3,2 and cj(z,2) = ng—zz-

¢ _sz 514—]93; 52 +p§§ z1’>2 Pglzz- (5.3)
By Lemma 3.12, we have pji_5, = ¢31. By Corollary 3.13, we have p3i_;, =

coi—1(a2i_24azi_1—a1) 21—1 . €24—2C2i—1 21 . C2i—1C2; : LA
o s Daizo = To and p3; 9, = = Simplifying equa-

tion (5.3) by using the fact that a; + b; + ¢; = k (1 < i < d), we obtain by;_5 +

Coi — QA9;—1 :k+02—a1 (2 SZS d/—l). Thatisbj_1+cj+1—aj :k—F,U—)\fOI‘
2<j<d-1.
For the sufficiency, we assume that b;_; + ¢j41 —a; = k+p — A for 2 <

j < d— 1. Observe that I'" has diameter |t |. From the above proof, we know that
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bj_1+cj+1—aj = k—f—/,b—/\ for 2 S] S d—1 1mphes b; = bgj_lbgj/,u for1 S j S L%J
and ¢ = cgj_1c5/pfor 2 < j < %. We see that b, = k1 + ko, ¢; = Ll and if j = d 1

and d is odd, ¢ = cq(k + p — A+ aqg — bg—1)/p. Hence, I is distance-regular. O
Note that (5.1) is equivalent to
bj+cjipi=k+1 where j iseven (0 <j <d-—1),
and bj+cjy1=0b+p where jisodd (1<j<d-1).
For bipartite graphs, we can rewrite Proposition 5.1 into the following simpler
form.

Corollary 5.2. Let I" be a bipartite distance-regular graph with diameter d > 3. Then

the following statements are equivalent.
(1) I'y 2 is a distance-regular graph.
(11) bj :/,L+bj+2 fOl" 1§j§d—2
(i) ¢; = p+ cjoo for 3 < j < d.
Proof. (1) <= (ii) By Proposition 5.1 and the fact that a; = 0 and b; = k — ¢;
(1 <i<d).
(if) <= (iii) By the fact thata; = 0and b; = k — ¢; (1 <4 < d). d

Corollary 5.3. Let " be a bipartite distance-regular graph with even diameter d > 4.

Then I'y 5 is a distance-regular graph if and only if I' has intersection array
byj =2y, by =5Eu—1 (0<j<9-1)
Cjr=0G-Dp+1 ey=ju (1<j<9)

Proof. From Corollary 5.2, the graph I'; , is a distance-regular graph if and only if
¢; = i+ cj_gfor3 < j < d. In this case, since ¢; = 1 and c; = p, we have
coj-1 = (J—Dp+1land ¢p; = juforl < j < g. In particular, £ = ¢4 = %l,u.
Since b; = k —¢; (0 < i < d), we have by; = k — cp; = Sy — jpu = 2y and
bajt1 =k —coj41 = ,u (jp+1) = d 223 1 — 1. Hence, I" has the desired intersection

array. U
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Corollary 5.4. Let I" be a bipartite distance-regular graph with odd diameter d > 3.

Then I'y 5 is a distance-regular graph if and only if I' has intersection array

boj = =+ 1 by = = (0 <45

Coj = Ji Cop1 = Jp+1 (0<j <G

Proof. From Corollary 5.2, the graph I'; , is a distance-regular graph if and only if

c; = p+ cj—o for 3 < j < d. In this case, since ¢; = 1 and ¢y = p, we have co; = jpu

and ¢ = jp+1for0 < 5 < %. In particular, £ = ¢4 = d%lu + 1. Since

by =k —c; (0 <i<d),wehave by =k —co; = (Gtp+1) —ju =" +1
d—2j—1

and byj 1 = k — coj51 = (S5Eu+ 1) = (ju+ 1) = <=2 Hence, I has the desired

intersection array. U
We recall one useful necessary condition of a distance-regular graph.

Theorem 5.5. [1, Theorem 5.4.1] Let I' be a distance-regular graph with diameter

d > 3. If p > 1, then one of the following statements holds.
(i) ¢z > 3pu
(i1) c3 > p+bo,d = 3.

We now characterize when merging the first and second classes in a bipartite

distance-regular graph produces a distance-regular graph.

Theorem 5.6. Let I be a bipartite distance-regular graph with diameter d where d > 3.
Then T'y 5 is distance-regular if and only if I is either the complement of a 2 x (jpu + 2)-
grid, a doubled Odd graph of odd points or a Hamming d-cube. Moreover, the following

statements hold.

(i) If T is the complement of a 2 x (ju+ 2)-grid, then Iy 5 is a strongly regular graph
with parameters (2p + 4,2p + 2,2, 2p + 2) which is a (i + 2)-cocktail party
graph.

(i1) If I is a doubled Odd graph of d points where d is odd, then I  is a Johnson
graph J(d + 1, 41L).



32

(iii) If T is a Hamming d-cube, then I' 5 is a halved (d + 1)-cube.

Proof. Let I' be a bipartite distance-regular graph with diameter d > 3. Suppose that

I'y » 1s distance-regular. We consider two cases.

Casel: d=3

By Corollary 5.4, the graph I" has the intersection array {p+1, i, 1; 1, 1, p+1}.
From [1, p.432], the graph I" is the complement of a 2 x (u + 2)-grid.

Moreover, by Proposition 5.1, the graph I'; 5 has intersection array {2,142, 1; 1,
2p+2}. Thatis I'y 5 is a strongly regular graph with parameters (244, 2p0+2, 241, 20+
2) which is a (u + 2)-cocktail party graph.

Case2:d >3

Case2.1: p=1
If d is even, then by Corollary 5.3, the value b;_; = 0, a contradiction. Thus d
d—1

is odd. By Corollary 5.4, the graph I' has the intersection array {% + 1,5, % +

1, %, v 2,1,1;1,1,2,., %, d%:)’ 41, %, % 5= 1} which is the same as the inter-
section array of a doubled Odd graph on d points [1, p.414]. Since doubled Odd graphs
are characterized by their intersection array [1, Proposition 9.1.8], I" must be a doubled
Odd graph on d points.

Moreover, by Proposition 5.1, the graph I'; 5 has intersection array

d-1 2 d+1
b;:(%_z') and ¢ = for 0.<i <~

which is the same as the intersection array of a Johnson graph J(d + 1, digl) Since
Johnson graphs are characterized by their intersection array (see [15] and [16]), the

graph I'; » must be a Johnson graph.

Case 2.2: > 1

By Theorem 5.5, we have c3 > %,u. By Corollary 5.3 and Corollary 5.4, we
have c3 = p+ 1. Thus p < 2. Since we are in the case ;¢ > 1, so we consider only the
case i = 2. By Corollary 5.3 and Corollary 5.4, the graph I' has the intersection array
{d,d—1,d —2,d—3,...,3,2,1;1,2,3,....d — 3,d — 2,d — 1,d} for all d > 3 which

is the same as the intersection array of a Hamming graph d-cube [1, p.413]. Since the
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Hamming graph d-cube is bipartite, by [17] it is characterized by its intersection array.
Thus I' must be the Hamming graph d-cube.
Moreover, by Proposition 5.1, the graph I'; » has intersection array

(d —2i)(d — 2i + 1)

b, =
' 2

d+1
and ¢, =i(2i—1) for 0 <i< L%J

which is the same as the intersection array of a halved (d + 1)-cube. Since halved
(d+ 1)-cubes are characterized by their intersection array (see [15] and [18]), the graph
I'; » must be a halved (d + 1)-cube.

The arguments above also show that the sufficiency holds. U

5.2 Merging the first m classes in bipartite distance-regular graphs

In this section, we determine when merging the first m classes in a bipartite
distance-regular graph produces a distance-regular graph where m > 3. Observe that

for a bipartite distance-regular graph I" with diameter d = m, the graph I'; 5
complete graph of order ki + ky + ... + k,,, + 1 which is a distance-regular graph. Now
we consider the case d > m + 1.

We first compute some p?j in terms of the intersection array.

Lemma 5.7. Let I' be a bipartite distance-regular graph with diameter d > 4. For

3<n<d-1, wehave

byby_1---bs
piﬂm = ——————(bp41Cns2 + buCpy1 + bp1¢n — bocy — bicy).
C1Cy *++ Cp

Proof. We will prove by induction on n. For n = 3, by Lemma 3.12 and since a; = 0

forall ¢ (0 < i < d), we have

Pl = é(pgng + pscs — piabi)

c3 | C2 c1c

= L b—3(C3b2 + b3C4 — b001> + b4b2 Cy — bgbl]

= 5 (bycs + byey — boey + bacs — bicy).

cicacs

_ bubp—1--b3 (b

3
Forn > 3, assume that pj,; , = =22 (b 11Cnt2 + UGt + bno16 — boct — bics).
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Then by Lemma 3.12, we have

3 3
pn+2,n+1 - Cn+1 (pn n+1bn+1 + pn n+30n+3 pn—l,n—l—an—l)

_ 1 bn+1bn"‘b3 (b

ot | Tcrcaen Ont1Cny2 + bnCny1 + bp_1cn — boc1 — bica)

bnyobny1---b3 c _ bptibn--bs b

cieaen 3T cregeen oy L

_ bngibp-bs [(b
102+ Cnt1

nt1Cn+2 + OnCns1 + bu_16 — bocy — bica)
+bn+20n+3 - bnflcn]

_ bugibp--bs (b

= rcaomy \On+2Cn3 + bni1Cnt2 + bpCny1 — boct — bica).

This completes the proof of our lemma. U

Next we show that I'; 5, is notdistance-regular for a bipartite distance-regular

graph with diameter d > m + 2.

Theorem 5.8. For m > 3, let I" be a bipartite distance-regular graph with diameter

d>m+2. Thenl" :==T15 ., is not distance-regular.

Proof. Let x € V(I'). We consider two cases.

Casel: d =m +2

Then T} (z) =T (2) UTy(2) U ... UL, (z) and T5(z) = Tpppq(x) U T, 10(2).
Suppose that I'y 5,5 is a distance-regular graph. Then b exists. We can calculate b}
from vertices in I'y () and I'3(x). Let y € I'1(z) and z € I's(x). Since I is bipatrtite,
p}; = 0 whenever i + j + his odd. So we have V(z,y) = p;,,1,, and b (z, z) =

3 3 3
Pr+t2,m—1 + Pmt1,m—2 + Prt1,m: Thus

1 _ 3 3 3
pm+1,m - pm—i—?,m—l +pm+1,m—2 +pm+1,m' (54)
1 bmbm_1--b1 _ bmg1bmb3
By Lemma 3.12, we have p,, .4 ,,, = Ry — ,pm+2m Elierv— andperl g =
bimbm—1--b3 _ bmbm_1-b3
o=t By Lemma 5.7, we have Pm+1,m i v— (bms1Cma2 + bpCmi1 +

bm—1Cm — bocy — bica). Simplifying equation (5.4) by using b; = k—¢; (0 < i < m+2)
and ¢,, o = k, we have ¢,,,.1 = k. Since I' is bipartite, b,,,1 = k — ¢;pi1 = 0, which is

a contradiction. Therefore I'; 5, is not distance-regular.

Case2:d>m+3
Then ') () =T (z) UT () U... U, (x) and 'y 10 U T 40(2) U T, 45(2) C
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I',(x). Suppose that I'y 5, is a distance-regular graph. Then b} exists. We can cal-
culate b] from vertices in I'y(z) and I's(z). Lety € I';(z) and z € T's(z). Since I'
is bipartite, p}; = 0 whenever i + j + h is odd. So we have V{(z,y) = p},,,,, and

by (z,2) = p§n+3,m + p?n+2,m71 + p?n+1,m72 + p§n+1,m- Thus

1 _ .3 3 3 3
pm+1,m - pm+3,m + pm+2,m—1 + pm—i—l,m—Q + pm—i-l,m' (55)
1 _ bmbm—1-b1 3 _ bmy2bmyibs 3 _
By Lemma 3.12, we have p,, 1, = 50— Pism = oo s Pgom—1 =

b'mbmfl“'bB
c1e2Cm—2 "

bm+1bm b3
C1C2 - "Cm—1

, and p2, m_2 = Simplifying equation (5.5) using b; = k — ¢;
and Lemma 5.7, we have c,,,1; = k. Since I is bipartite, b, .1 = k — ¢;,.1 = 0, which

is a contradiction. Therefore I'; o, is not distance-regular. O

Now it remains to consider the case that ' is a bipartite distance-regular graph
with diameter d = m + 1 where m > 3. Since Iy 5, has diameter 2, if it is distance-
regular, then it is strongly regular.

We discuss some results that we will use later.

Lemma 5.9. Let I" be a bipartite distance-regular graph with diameter d. Then

Pad—i t Pad—ito T Paag—iva -+ Pga—stPga1 5 iisodd
ks =
Pad—i T Pad—ite T Pad—iva T« - T Pgg_o ¥ Pgq 5 11seven

for0 <i<d-—1.
Proof. Fixz € V(I') and lety; € T;(z) (0 < i < d—1). Since d(y;,z) > d — i for
z € T'y(x), we have
ki = [La(z)]
= [Pa(z) NTa—i(yi)| + [La(z) N Tamirr(yi)| + - - + [Lalz) N Ta(ys)]
= Piz,dfi + pil,dfiJrl +.o.+ pii,d'

By Lemma 3.2, pl; = 0 for all h + i + j is odd. Thus

. pzl,d—i + pzl,d—i+2 + pzii,d—i+4 +.o.t pfi,d—:% + pil,d—l ;¢ is odd
d pu—

Pad—i t Pad—it2 T Pad—iya T -+ T Pga—o T Pagq > ¢ 1S even

The result follows. ]
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Lemma 5.10. Let ' be a bipartite distance-regular graph with diameter d. Then 1" :=

I’y 5. q_1 is a strongly regular graph if and only if

1Ly

pil,d—i + pil,d—i+2 + pfi,d—z’+4 +...+ pfz,d—3 + pil,d—l ;1is odd
kg = (5.6)
Pad—i T Pad—iv2 + Pad—iza T -+ Pyga T Pyago 5 1iseven

for0 <i <d— 1. In this case, b} = k.

Proof. We first prove the necessity. Assume that I/ is a strongly regular graph (that is,
[ is a distance-regular graph with diameter 2). Then b exists. Let x € V(I'). Then
[(xz) =T1(z)Uls(x)U...Uly_1 (z) and Ty (x) = ['y(z). We calculate b} from vertices

inT'y(x),Fo(z),...,Tq_1(z). Lety; € i(x) for 0 < i < d — 1 andlet z € ['y(x). By

Lemma 3.2, p?j = 0 whenever h + ¢ + 4 is odd. So we have

() Phass T Phaive T Phaiia t oo T Dhas+Pha . ;iisodd
1\ L, Yi) =
Pud—i T Pgaiva T Paaeiza * -+ Pgd—s T Py 7i1seven

for0 <17 <d— 1. Thus

vy = pzli,d—l it pﬁ,d—2 — pi,d—:s + p?l,d—l 5 pé,d—4 + pé,d—Q = ...
pgfl + pggl + pggl = pZ;i1_3 + pg’;il ; d is even
Pt st il oY, dis odd
In particular, b] = p}j’d_l = k4. The result follows.
For the sufficiency, we assume that equation (5.6) holds. From the above proof,
we know that equation (5.6) implies b} exists and b} = k4. Observe that [ has diameter
2. We see that by = ky + ko + ...+ kg1, ¢} = 1 and
pgll,dfl +Pg,d72 + pg,dfi% + pg,dq T+ +pgfl,1 +p§,1,3 + .. +p§71,d71 ; d is even
pCll,dfl +Pg,d72 + pg,dfi% + pg,dq + .. +pgfl,l +p§71’3 + .. +p§f1,d72 ; dis odd
Hence, I" is a strongly regular graph. O

We now characterize when merging the first d — 1 classes in a bipartite distance-

regular graph with diameter d produces a distance-regular graph.
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Theorem 5.11. Let I" be a bipartite distance-regular graph with diameter d > 4. Then
d—1 Is a strongly regular graph if and only if T is antipodal. In this case, I
is a strongly regular graph with parameters (1 + ki + ko + ... + kg, k1 + ko + ... +
ka—1,k1 + ko + ...+ ka1 — kg — 1, k1 + ko + ... + kq_1) which corresponds to the
complete multipartite graph K, (1yr,) where n = (1 + ky + ky + ... + ka) /(1 + kq).

Moreover, if d is odd, or d is even and b ¢ = Cd, then I is an n-cocktail party graph.

Proof. By Proposition 3.18, Lemma 5.9 and Lemma 5.10, the graph I'15 41 is a
strongly regular graph if and only if I is antipodal. In this case, I is a strongly regular
graph with parameters v/ = 1+ ky +ky+ ks + ...+ kg, K = ki +ko+ ks + ...+ kg 1,
N=d\ =k +ke+ks+.. . +hkogg=bi~c=k+k+ks+...+ksi1—ks—1.
Since I' is antipodal, I'; is a disjoint union of complete graphs. Thus for a fixed vertex
x in T, for each y € T'y(x), there is no vertex in I';(z) (1 < @ < d — 1) which has
distance d from y. Thatis, dr(y,z) < d—1forany z € T';(z) Uy (x) U...UT4_1(x).
It follows that p/ = ¢, = ky + ks + ks + ...+ kg1 = K'. Hence, I" is a strongly regular
graph with parameters (1 +k; + ko + ... + kg ki + kot .. + kg1, k1 + ka2 + ...+
ka1 — kq—1,ky+ ks + ...+ kq-1) which is a complete multipartite graph Ko (14ky)
where n = (1 + ky + ko + ... + kq)/(1 + kq). Moreover, if d is odd, or d is even and
b ¢ = Cd, by Corollary 3.21 and Corollary 3.22, we have k; = 1. It follows that I'" is an

n-cocktail party graph where n = (1 4+ k; + ks + ... +kq) /(1 +kq). O

Corollary 5.12. Let ' be a bipartite antipodal distance-regular graph with even diam-
eter d. Then (1 + ky) | ka.

Proof. By Theorem 5.11, we have (14 ky) | (14 k1 +ka+. ..+ kq). By Corollary 3.22,

the result follows. O

Finally, we give some families of distance-regular graphs I" with diameter d
that both are bipartite and antipodal, and the resulting graphs I'; -
Theorem 5.11.

4—1 obtained by

7777

e Let ' be a cycle on 2d vertices (d > 4). Then I is a distance-regular graph with

parameters kg = kg = 1, k; =2 (1 <i < d—1). ThusI';5 4, is a strongly
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regular graph with parameters (2d, 2d — 2, 2d — 4, 2d — 2) which is a d-cocktail
party graph.

Let I be a Hamming d-cube (d > 4). Then I is a distance-regular graph with

parameters k; = (?) (0 < i < d). ThusI'; 54 is a strongly regular graph with

.....

parameters (27, 2% — 2,24 — 4 2¢ — 2) which is a 2¢-1-cocktail party graph.

Let I" be a doubled Odd graph on 2m + 1 points (m > 2). Then I is a distance-

regular graph with parameters kg = kg = 1, and k1 +ko+. . . +kg1 = 2(277;1) —2.
Thus I'y 5 4—1 1s a strongly regular graph with parameters (2 (2”;‘:1) , 2(2";:1) —

2,2(*™+1) — 4,2(*™) — 2) whichis a (*"*')-cocktail party graph.

Let I be a graph which has intersection array {rcs, rca—1, (r—1)cy, 1; 1, o, reg—
1,7rco} where r > 2(See [1, p.425]). Then I' is a distance-regular graph with
diameter 4 and parameters kg = 1, k1 = res, ko = r(reg — 1), ks = reo(r —
1), and ky = r — 1. Thus I'y 53 is-a strongly regular graph with parameters
(2r2cy, 2r%cy — 1, 21%¢o — 21, 21%cy — 1) which is a complete multipartite graph

KQTCQ X7
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Conclusions

When merging the first and third classes in bipartite distance-regular graphs, we

have the following main results.

)

)

3)

4

Let I be a bipartite distance-regular graph with diameter 3. Then I'; 3 is a distance-
regular graph with diameter 2. Moreover I'; 3 is a complete bipartite graph K, ,,,

where m = 1 + ky = k1 + k3.

Let I' be a bipartite distance-regular graph with diameter 4. Then I'; 3 is a distance-
regular graph with diameter 2. Moreover I'; 3 is a complete bipartite graph K, ,,,

Wherem:1+k2+k4:k1+k3.

Let I' be a bipartite distance-regular graph with diameter 5. Then I'; 3 is a distance-
regular graph (with diameter 3) if and only if by = b4cs. In this case, I'; 3 has
intersection array {ki+ ks, k1 + ks — 1, pa: 1, ky + k3 — p2a, k1 + k3 }. Moreover,
if by =1, then I'; 5 is a distance-regular graph if and only if I' is antipodal. In this

case, I'1 3 is the complement of a 2 x (k; + k3 + 1)-grid.

If I" is a bipartite distance-regular graph with diameter d > 6, then I'; 3 is not a

distance-regular graph.

When merging the first m classes in bipartite distance-regular graphs where

m > 2, we have the following main results.

(D

Let I' be a bipartite distance-regular graph with diameter d > 3. Then I'; 5 is
distance-regular if and only if I is either the complement of a 2 x (p + 2)-grid, a
doubled Odd graph on odd points or a Hamming d-cube. Moreover, the following

statements hold.
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(i) If T is the complement of a 2 x (p + 2)-grid, then I'; 5 is a strongly regular
graph with parameters (2p+4, 2142, 244, 2142) which is a (pu+2)-cocktail
party graph.

(i1) IfI'is a doubled Odd graph on d points where d is odd, then I'; 5 is a Johnson
graph J(d + 1, 1)

(iii) If I" is a Hamming d-cube, then I'y 5 is a halved (d + 1)-cube.

(2) Form > 3, let I" be a bipartite distance-regular graph with diameter d > m + 2.

ThenI'; 5, is not distance-regular.

77777

(3) Let I" be a bipartite distance-regular graph with diameter d > 4. Then [ :=
I'1 2, a—1 is a strongly regular graph if and only if I is antipodal. In this case, I
is a strongly regular graph with parameters (1 +k; +ko+ ...+ kg, k1 +ko+.. .+
ka—1,k1+ke+ ...+ ki1 —kqg—1, k1 +ka+...+kg_1) which corresponds to the
complete multipartite graph K, (14 5,y Where n = (1+k1+ko+. . .+kq) /(1 +kq).
Moreover, if d is odd, or d is even and b i = Ca, then I is an n-cocktail party

graph.
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