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Chapter 1

Introduction

At present, natural resources are utilized extensively such as minerals, petroleum

and groundwater. Geophysical survey is very important to geological structure sur-

vey or exploring the natural resources. The purpose of the geophysical survey are

knowing the geological features and physical properties (i.e. density, magnetization,

elasticity and electric conductivity.) at the area that is interesting. These data can

be used for planning to well drilling in the area to explore them even more effective.

There are many ways and methods to explore the geological structure. For instance,

gravitational, magnetic, seismic, electrical, electromagnetic and magnetometic re-

sistivity.

The magnetometic resistivity method is a method of using the low-frequency

magnetic field. The working principle is that when we leave the DC voltage to the

electrode, it will cause a magnetic field radiate through the medium. The magnetic

field can be measured by using magnetic filed receiver. The information of mag-

netic fields can be interpreted to show the basic information of the various physical

properties of the target.

During the past several decades, many researchers such as Chen and Oldenburg

[7] derived the magnetic field directly by solving a boundary value problem of a

horizontally stratified layered Earth. Kim and Lee [5] derived a new resistivity ker-
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nel function for calculating apparent resistivity of a multilayered Earth with layers

having exponentially varying conductivities. Siew and Yooyuanyong [11] also used

this assumption to create the mathematical model of electromagnetic response of

a conductive thin disc beneath an exponentially varying conductive overburden.

Chumchob [8] employed this conductivity variation to formulate the mathematical

model of electromagnetic sounding for a conductive circular cylinder ore body em-

bedded in an inhomogeneous conducting half-space. Sripanya [14] derived solutions

of the steady state magnetic field due to a DC current source in a layered Earth

with some layer having exponentially or binomially or linearly varying conductivity.

Tunnurak et al [12] derived the mathematical model of finite element method for

the magnetic field of an exponential conductivity ground profile. The results are

computed to find the value of the magnetic field at various locations of the ground.

All the relevant research works mentioned above are one dimentional conduc-

tivity profile. The two dimentional conductivity profile is more realistic than one

dimensional profile. It challenges me to explore our problem with the use of nu-

merical techniques such Finite Difference and Finite Element methods.

1.1 Outline of the Thesis

This thesis deals with a mathematical model for the magnetic field from a two

dimensional continuously conductive ground. The magnetic field solutions are com-

puted and plotted to show the intensity of the field at many location of the ground.

The following outline is a list of that require further investigation:

Chapter 2, we present a geometric model of the problem and the governing

equation is the Maxwell’s equations.

Chapter 3, we present the numerical computations for finding approximate so-

lutions. Finite Difference Method is introduced to calculate the magnetic field

intensity at various locations. MATLAB program is used to compute and plot
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magnetic field intensity via the source-receiver spacing and the depth.

Chapter 4, we present the numerical computations for finding approximate solu-

tions. Finite Element Method is introduced to calculate the magnetic field intensity

at various locations. MATLAB program is used to compute and plot magnetic field

intensity via the source-receiver spacing and the depth.

Finally, in Chapter 5, we sumarize the results of our work and also suggest the

future works.



Chapter 2

Formulation of Mathematical

Problem

Geometric model of the problem, which we considered, is shown in Figure 2.1.

Figure 2.1: Geometric model of the problem.
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Cylindrical coordinate system (r, φ, z) is introduced with the z-axis positive

downward, where z represents the depth, êr, êφ and êz are basis vectors in r, φ and

z direction, respectively. We note that the plane z = 0 is the ground surface where

the receiver is located at r from the source.

For the half space z > 0, it is a region of the ground where the two dimensional

conductivity is given by

σ(r, z) = σ0e
(az+br),

here σ0 is a positive constant and a, b are constants. This may represent the ground

near seashore.

2.1 Governing equations

Consider the Maxwell’s equations [14]

▽× ~E = ~0, (2.1)

▽× ~H = σ ~E, (2.2)

where ~E is the electric field intensity (Volt/meter), ~H is the magnetic field intensity

(Ampere/meter), σ is conductivity (Siemen/meter). The gradient operator, in

cylindrical coordinates, is defined by

∇ =
∂êr

∂r
+

1

r

∂êφ

∂φ
+

∂êz

∂z
.

Substituting equation (2.2) into (2.1), we obtain

∇×
1

σ
(∇× ~H) = 0. (2.3)

Note that

1

σ
(∇× ~H) =

1

σr

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

êr rêφ êz

∂

∂r

∂

∂φ

∂

∂z

Hr rHφ Hz

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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Then

1

σ
(∇× ~H) =

1

σ
[
1

r

∂Hz

∂φ
−

∂Hφ

∂z
]êr +

1

σ
[
∂Hr

∂z
−

∂Hz

∂r
]êφ +

1

σ
[
1

r

∂

∂r
(rHφ)−

1

r

∂Hr

∂φ
]êz

and

∇×
1

σ
(∇× ~H) = [

1

r

∂

∂φ

1

σ
(
1

r

∂

∂r
(rHφ)−

1

r

∂(Hr)

∂φ
)−

∂

∂z

1

σ
(
∂(Hr)

∂z
−

∂(Hz)

∂r
)]êr

+ [
∂

∂z

1

σ
(
1

r

∂(Hz)

∂φ
−

∂(Hφ)

∂z
)−

∂

∂r

1

σ
(
1

r

∂

∂r
(rHφ)−

1

r

∂(Hr)

∂φ
)]êφ

+ [
1

r

∂

∂r
(r

1

σ
(
∂(Hr)

∂z
−

∂(Hz)

∂r
))−

1

r

∂

∂φ

1

σ
(
1

r

∂(Hz)

∂φ
−

∂(Hφ)

∂z
)]êz.

So, equation (2.3) becomes

0 = [
1

r

∂

∂φ

1

σ
(
1

r

∂

∂r
(rHφ)−

1

r

∂(Hr)

∂φ
)−

∂

∂z

1

σ
(
∂(Hr)

∂z
−

∂(Hz)

∂r
)]êr

+ [
∂

∂z

1

σ
(
1

r

∂(Hz)

∂φ
−

∂(Hφ)

∂z
)−

∂

∂r

1

σ
(
1

r

∂

∂r
(rHφ)−

1

r

∂(Hr)

∂φ
)]êφ

+ [
1

r

∂

∂r
(r

1

σ
(
∂(Hr)

∂z
−

∂(Hz)

∂r
))−

1

r

∂

∂φ

1

σ
(
1

r

∂(Hz)

∂φ
−

∂(Hφ)

∂z
)]êz, (2.4)

where Hr, Hφ and Hz are the components of ~H in êr, êφ and êz directions, respec-

tively. Since the problem is axis symmetric and ~H has only the azimuthal compo-

nent in cylindrical coordinates, for simplicity, we use H to represent the azimuthal

component in following derivations. Simplifying equation (2.4) yields

−
∂

∂z
(
1

σ

∂(H)

∂z
)−

∂

∂r
(
1

σr

∂(rH)

∂r
) = 0. (2.5)

Substituting σ(r, z) = σ0e
(az+br) to equation (2.5) , we obtain

∂2H

∂z2
− a

∂H

∂z
+

∂2H

∂r2
+ (

1

r
− b)

∂H

∂r
− (

b

r
+

1

r2
)H = 0. (2.6)



Chapter 3

Finite Difference Method for

Magnetic Field Response

In this chapter, the numerical methods for finding the approximate solution is

presented by using Finite Difference Method (FDM).

The FDM proceeds by replacing those derivatives in the DEs by finite difference

approximations, which are algebraic in form. They relate the value of dependent

variable at a point in the solution region to the values at some neighboring points.

Finite Difference Method basically involves the following step [6,9]:

(1) Discretize the domain region Ω into a mesh of discrete points called nodes.

(2) Approximate all derivatives using the finite difference approximations. In this

step the DE is approximated by a large system of algebraic equations.

(3) Solve the linear or nonlinear system of algebraic equations.

7
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We now rewrite equation (2.6) as

∂2H(r, z)

∂z2
−a

∂H(r, z)

∂z
+
∂2H(r, z)

∂r2
+(

1

r
−b)

∂H(r, z)

∂r
−(

b

r
+

1

r2
)H(r, z) = 0, for(r, z) ∈ Ω,

(3.1)

where r ∈ [10, 190] and z ∈ [0, 180].

H(r, z) = 0 on ∂Ω1,

H(r, z) = −4.4× 10−5z + 0.0008 on ∂Ω2,

H(r, z) = H(n̄− 1, 0), n̄ = 1, 2, . . . , 10 on ∂Ω3,

H(r, z) = −8.83× 10−5z + 0.0159 on ∂Ω4. (3.2)

The boundary conditions of problem (3.1) and the notation of the magnetic field

intensity in boundary domain modeled, using square elements, are shown in Figure

3.1.

Figure 3.1: Boundary conditions of the Earth structure.

The values of magnetic field on ∂Ω1, ∂Ω2, ∂Ω3 and ∂Ω4 are obtained from [12].

See Figure 3.2 for the case m̂r = m̂z = m̂ and m̂ = 8 points, where m̂r and m̂z are

interior points in r and z direction, respectively. m̂ is interior points. Mesh width
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or the distance between grid points in this chapter is 20 m.

Figure 3.2: Discretizing the domain Ω using a uniform grid.

We define Hi,j = H(ri, zj) to denote the associated grid function. To dis-

cretize the PDE in (3.1), we replace the r− and z−derivatives with the central finite

difference approximations as follows,

[Hi,j−1 − 2Hi,j +Hi,j+1]

h2
z

− a
[Hi,j+1 −Hi,j−1]

2hz

+
[Hi−1,j − 2Hi,j +Hi+1,j]

h2
r

+ (
1

ri
− b)

[Hi+1,j −Hi−1,j]

2hr

− (
b

ri
+

1

r2i
)Hi,j = 0. (3.3)

This leads us to define the numerical approximation Hi,j as the solution of

the linear system of m̂2 = 64 equations.

The linear system can be written in matrix form as

AH̄ = F, (3.4)

where H̄ represents the unknown vector magnetic field such that

H̄ = [H11, H12, . . . , H18, H21, H22, . . . , H28, . . . . . . , H81, H82, . . . , H88]
T
64×1 and
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F is a constant column vector.

The solution vector H̄ consists of all interior points (the unknowns). Matrix

A in equation (3.4) has the form

A =











































B1 D1 0 0 0 0 0 0

C2 B2 D2 0 0 0 0 0

0 C3 B3 D3 0 0 0 0

0 0 C3 B3 D3 0 0 0

0 0 0 C5 B5 D5 0 0

0 0 0 0 C6 B6 D6 0

0 0 0 0 0 C7 B7 D7

0 0 0 0 0 0 C8 B8











































64×64

,

where

Bi =











































mi p 0 0 0 0 0 0

l mi p 0 0 0 0 0

0 l mi p 0 0 0 0

0 0 l mi p 0 0 0

0 0 0 l mi p 0 0

0 0 0 0 l mi p 0

0 0 0 0 0 l mi p

0 0 0 0 0 0 l mi











































8×8

,

l =
1

h2z
+

a

2hz
,

mi = −(
2

h2z
+

2

h2r
+

1

r2i
+

b

ri
),

p =
1

h2z
−

a

2hz
for i = 1, 2, . . . , 8,
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Ci =











































ni 0 0 0 0 0 0 0

0 ni 0 0 0 0 0 0

0 0 ni 0 0 0 0 0

0 0 0 ni 0 0 0 0

0 0 0 0 ni 0 0 0

0 0 0 0 0 ni 0 0

0 0 0 0 0 0 ni 0

0 0 0 0 0 0 0 ni











































8×8

,

ni =
1

h2r
−

1

2rihr
+

b

2hr
, for i = 2, 3, . . . , 8,

Di =











































ti 0 0 0 0 0 0 0

0 ti 0 0 0 0 0 0

0 0 ti 0 0 0 0 0

0 0 0 ti 0 0 0 0

0 0 0 0 ti 0 0 0

0 0 0 0 0 ti 0 0

0 0 0 0 0 0 ti 0

0 0 0 0 0 0 0 ti











































8×8

,

and ti =
1

h2r
+

1

2rihr
−

b

2hr
, for i = 1, 2, . . . , 7.
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The boundary conditions are absorbed into F as

F =















































































f1

−l(0.0032)

f2

−l(0.0023)

f2

−l(0.0018)

f2

−l(0.0014)

f2

−l(0.0012)

f2

−l(0.0011)

f2

f3















































































64×1

,

where f2 is zeros matrix size 7× 1,

f1 =











































−n1(0.0141) − l(0.0053)

−n1(0.0124)

−n1(0.0106)

−n1(0.0088)

−n1(0.0071)

−n1(0.0053)

−n1(0.0035)

−n1(0.0018)











































8×1

,

for n1 =
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3.1 Numerical Experiments

Numerical results of the magnetic field intensity from equation (3.1) are obtained by

using the Finite Difference Method. There is a source providing a DC voltage of direct

current I = 1A and receiver on the ground surface which picks up the signal from r = 10

to r = 190 m. The depth z start from the ground surface z = 0 to z = 180 m. The grid

size h = 20 m. a and b are given constants . The magnetic field intensity is computed by

using MATLAB programing.

Consider for the case of an exponentially decreasing conductivity σ(r, z) = σ0e
(az+br)

when a < 0 and b = 0, the graphs of the relationship between magnetic field intensity

and spacing of source-receiver at various depths are plotted as shown in Figure 3.3 and

3.4.
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Figure 3.3: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0, a is varied and z is fixed (a) a = −0.0001 m−1

(b) a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 3.3 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, we can see that the values of magnetic field decrease exponentially as r and z

increase. The values of magnetic field decrease as a decreases.
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(a) (b)

(c) (d)

Figure 3.4: Graphs of the relationship between magnetic field intensity and distance

of receiver from source where b = 0, a varies from −0.0001, −0.001, −0.005 and

−0.01 m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and

(d) z = 140 m.

From Figure 3.4 (a) to (d) represents the values of magnetic field which are plotted

against r whereas a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can

see that the values of magnetic fields where a = −0.0001,−0.001,−0.005 and −0.01 m−1

decrease exponentially as r increases and it has similar maner where z increases. Because

the values of magnetic field decrease to zero and have values near zero where z increases

as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 3.5.
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Figure 3.5: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0, (a) a = −0.0001 m−1 (b) a = −0.001

m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 3.5 (a) to (d), where a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, the red color shows the area where the values of magnetic field is high and the

blue color shows the area where the values of magnetic field is low.
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Consider for the case of an exponentially increasing conductivity σ(r, z) = σ0e
(az+br)

when a > 0 and b = 0, the graphs of the relationship between magnetic field intensity

and spacing of source - receiver at various depths are plotted as shown in Figure 3.6 and

3.7.
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Figure 3.6: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0, a varies and z is fixed (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 3.6 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

we can see that the values of magnetic fields decrease exponentially as r and z increase.

The values of magnetic fields increase whereas a increases. The results agree to Tunnurak

et al. [12].
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(a) (b)

(c) (d)

Figure 3.7: Graphs of the relationship between magnetic field intensity and distance

of receiver from source where b = 0, a varies from 0.0001, 0.001, 0.005 and 0.01

m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and (d) z = 140

m.

From Figure 3.7 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can see

that the values of magnetic fields where a = 0.0001, 0.001, 0.005 and 0.01 m−1 decrease

exponentially as r increases and it has similar maner where z increases. Because the val-

ues of magnetic fields decrease to zero and has value near zero where z increases as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 3.8.
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Figure 3.8: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0, (a) a = 0.0001 m−1 (b) a = 0.001 m−1

(c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 3.8 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

the red color shows the area where the values of magnetic field is high and the blue color

shows the area where the values of magnetic field is low. The results agree to Tunnurak

et al. [12].
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Consider for the case of an exponentially decreasing conductivity σ(r, z) = σ0e
(az+br)

when a < 0 and b = −0.001, the graphs of the relationship between magnetic field

intensity and spacing of source - receiver at various depths are plotted as shown in Figure

3.9 and 3.10.
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Figure 3.9: Graphs of the magnetic field intensity via distance of receiver from

source where b = −0.001, a varies and z is fixed (a) a = −0.0001 m−1

(b) a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 3.9 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, we can see that the values of magnetic field decrease exponentially as r and z

increase. The values of magnetic field decrease where a decreases.
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(a) (b)

(c) (d)

Figure 3.10: Graphs of the relationship between magnetic field intensity

and distance of receiver from source where b = −0.001, a varies from

−0.0001, −0.001, −0.005 and −0.01 m−1 as z is fixed. (a) z = 20 m

(b) z = 60 m (c) z = 100 m and (d) z = 140 m.

From Figure 3.10 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can

see that the values of magnetic fields where a = −0.0001,−0.001,−0.005 and −0.01 m−1

decrease exponentially as r increases and it has similar maner where z increases. Because

the values of magnetic field decrease to zero and have values near zero where z increases

as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 3.11.

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

2

4

6

8

10

12

14
x 10

−3

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

2

4

6

8

10

12

14
x 10

−3

(a) (b)

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

2

4

6

8

10

12

14
x 10

−3

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

2

4

6

8

10

12

14
x 10

−3

(c) (d)

Figure 3.11: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = −0.001, (a) a = −0.0001 m−1

(b) a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 3.11 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, the red color shows the area where the values of magnetic field is high and the

blue color shows the area where the values of magnetic field is low.
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Consider for the case of an exponentially increasing conductivity σ(r, z) = σ0e
(az+br)

when a > 0 and b = 0.001, the graphs of the relationship between magnetic field intensity

and spacing of source - receiver at various depths are plotted as shown in Figure 3.12 and

3.13.
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Figure 3.12: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0.001, a varies and z is fixed (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 3.12 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

we can see that the values of magnetic fields decrease exponentially as r and z increase.

The values of magnetic fields increase where a increases.
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(a) (b)

(c) (d)

Figure 3.13: Graphs of the relationship between magnetic field intensity and dis-

tance of receiver from source where b = 0.001, a varies from 0.0001, 0.001, 0.005

and 0.01 m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and (d)

z = 140 m.

From Figure 3.13 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can see

that the values of magnetic fields where a = 0.0001, 0.001, 0.005 and 0.01 m−1 decrease

exponentially as r increases and it has similar maner where z increases. Because the val-

ues of magnetic fields decrease to zero and has value near zero where z increases as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 3.14.
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Figure 3.14: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0.001, (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 3.14 (a) to (d), when a = 0.01, 0.05, 0.1, 0.2 and 0.3 m−1, respectively,

the red color shows the area where the values of magnetic field is high and the blue color

shows the area where the values of magnetic field is low.
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3.2 Summarize

In this chapter, we present a mathematical model by using the Magnetometric Resis-

tivity Method with 2−dimensional continuously conductivity model as σ(r, z) = σ0e
(az+br).

The relationship between magnetic field and electric field are used by considering Maxwell’s

equations. The magnetic field intensity is obtained by solving partial differential equa-

tion. The solution are obtained by using Finite Difference Method. MATLAB program

is used to calculate and plot graph for the value of magnetic field intensity. The behavior

of magnetic field intensity will be performed at different depths and locations. In our

research, the behavior of magnetic field decreases to zero when the depth of soil increases.

As well as the case of increasing the space between source - receiver, the magnetic field

decreases to zero too. The values of a and b are important role for the conduction of the

ground and effect to the magnetic field quantities as well. For the high conductive ground

(a and b > 0), the response of magnetic field will be very strong. In the opposite direction

(a and b < 0), the response field will be very weak.



Chapter 4

Finite Element Method for

Magnetic Field Response

In this chapter, the numerical method for finding the approximate solution is pre-

sented by using Finite Element Method (FEM).

The FEM is a numerical method for finding approximate solutions to the differential

equations. Finite Element Method basically involves the following steps [2,10,12,13] :

(1) Variational formulation of the given problem.

(2) Discretization using the FEM : Discretize the domain Ω into a finite number of ele-

ment, then find H.

(3) Solution of the discrete problem : Approximate using the Finite Element approxima-

tions.

(4) Solve a system of equations for variable H.

27
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Using equation (3.1), our problem can be written as

∆H(r, z) − a
∂H(r, z)

∂z
+ (

1

r
− b)

∂H(r, z)

∂r
− (

b

r
+

1

r2
)H(r, z) = 0, for(r, z) ∈ Ω, (4.1)

where Ω ∈ [10, 190] × [0, 180] and X ∈ [r, z] with the boundary conditions

H(r, z) = 0 on ∂Ω1,

H(r, z) = −4.4× 10−5z + 0.0008 on ∂Ω2,

H(r, z) = H(n̄− 1, 0), n̄ = 1, 2, . . . , 10 on ∂Ω3,

H(r, z) = −8.83 × 10−5z + 0.0159 on ∂Ω4. (4.2)

Solution of equation (4.1) can be determined by first deriving the residual error

R(X) = L[H]− f(X),

where L is linear differential operator, R is residual error, H is magnetic field and f(X)

is known function.

L[H] := ∆H(r, z) − a
∂H(r, z)

∂z
+ (

1

r
− b)

∂H(r, z)

∂r
− (

b

r
+

1

r2
)H(r, z).

So from equation (4.1) residual error can be written as

R(X) = ∆H(r, z) − a
∂H(r, z)

∂z
+ (

1

r
− b)

∂H(r, z)

∂r
− (

b

r
+

1

r2
)H(r, z). (4.3)

The method of weighted residual is applied to our problem. We multiply (4.3) by a test

function or a weight function v and integrate the weighted residual error over Ω. Setting

the total weighted residual error to zero, we shall find H ∈ Ṽ such that

∫

Ω
R(X)v dΩ = 0, ∀v ∈ V, (4.4)

where V = {v ∈ H
1(Ω) : v is a continuous function on Ω,

∂v

∂r
and

∂v

∂z
are piecewise

continuous on Ω and v = 0 on ∂Ω}, Ṽ = {H ∈ H
1(Ω) : H is a continuous function

on Ω,
∂H

∂r
and

∂H

∂z
are piecewise continuous on Ω and H satisfies conditions (4.2)},
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H
1(Ω) = {v ∈ L2(Ω) : ∇v ∈ L2(Ω) } and L2(Ω) = {v : v is defined on Ω and

∫

Ω v2dX <

∞}. So equation (4.4) can be written as

∫

Ω






∆H(r, z) − a

∂H(r, z)

∂z
+ (

1

r
− b)

∂H(r, z)

∂r
− (

b

r
+

1

r2
)H(r, z)






v dΩ = 0.

∫

Ω
v∆H(r, z) dΩ−

∫

Ω
av

∂H(r, z)

∂z
dΩ+

∫

Ω
(
1

r
−b)v

∂H(r, z)

∂r
dΩ−

∫

Ω
(
b

r
+

1

r2
)vH(r, z) dΩ = 0.

(4.5)

Consider the first term of above equation

v∆H(r, z) = v∇ · ∇H(r, z),

using the vector product and the divergence theorem

v∇ · ∇H(r, z) = ∇ · (v∇H)−∇H · ∇v,

Then we have

∫

Ω
v∆H(r, z) dΩ =

∮

∂Ω
v
∂H(r, z)

∂η
dΩ −

∫

Ω
∇H · ∇v dΩ.

The equation (4.5) now becomes

∮
∂Ω

v
∂H(r, z)

∂η
dΩ−

∫
Ω
∇H · ∇v dΩ−

∫
Ω

av
∂H(r, z)

∂z
dΩ +

∫
Ω

(
1

r
− b)v

∂H(r, z)

∂r
dΩ−

∫
Ω
(
b

r
+

1

r2
)vH(r, z) dΩ = 0.

Since v ∈ V , v = 0 on ∂Ω, we have

∫

Ω
∇H · ∇v dΩ +

∫

Ω
av

∂H

∂z
dΩ−

∫

Ω
(
1

r
− b)v

∂H

∂r
dΩ+

∫

Ω
(
b

r
+

1

r2
)vH dΩ = 0.

Thus, variational statement can be written as

Find H ∈ Ṽ such that

∫

Ω
∇H ·∇v dΩ+

∫

Ω
av

∂H

∂z
dΩ−

∫

Ω
(
1

r
−b)v

∂H

∂r
dΩ+

∫

Ω
(
b

r
+

1

r2
)vH dΩ = 0, ∀v ∈ V. (4.6)

We shall now construct a finite-dimensional subspace Vh of V and Ṽh of Ṽ . Vh ⊂ V ⊆

H
1(Ω) and Ṽh ⊂ Ṽ ⊆ H

1(Ω). The problem the becomes :
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Find Hh(X) ∈ Ṽh such that

∫

Ω
∇Hh ·∇v dΩ+

∫

Ω
av

∂Hh

∂z
dΩ−

∫

Ω
(
1

r
−b)v

∂Hh

∂r
dΩ+

∫

Ω
(
b

r
+

1

r2
)vHh dΩ = 0, ∀v ∈ Vh.

(4.7)

Let {ϕi(X)}ni=1 be the basis function of both Ṽh and Vh such that

ϕj(Xi) = δij =











1, i = j,

0, i 6= j.

Then our solution Hh and v can be expressed as

Hh(X) =

n
∑

j=1

Hjϕj(X)

and

v(X) =

n
∑

i=1

βiϕi(X),

where Hj = Hh(Xj) and βi = v(Xi).

The Finite Element approximation (4.7) becomes

n
∑

j=1





∫

Ω

∇ϕj · ∇ϕi dΩ+

∫

Ω

aϕi

∂ϕj

∂z
dΩ−

∫

Ω

(
1

r
− b)ϕi

∂ϕj

∂r
dΩ+

∫

Ω

(
b

r
+

1

r2
)ϕiϕj dΩ



Hj = 0,

(4.8)

for i = 1, 2, . . . , n .

Equation (4.8) can be written in matrix form as

AH̄ = F,

where H̄ = [H1,H2, ...,Hn]
T , F = [f1, f2, ..., fn]

T , and A = A1 +A2 +A3 +A4.

Here A1 =
∫

Ω∇ϕj · ∇ϕi dΩ, A2 =
∫

Ω aϕi

∂ϕj

∂z
dΩ, A3 = −

∫

Ω (
1

r
− b)ϕi

∂ϕj

∂r
dΩ

and A4 =
∫

Ω(
b

r
+

1

r2
)ϕiϕj dΩ.
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4.1 Rectangular Elements

Figure 4.1: Discretizing the domain Ω using a rectangular uniform grid.

We divide Ω into rectangular elements, Ωk, (n̄−1)×(m−1) = Ne elements, where

k = 1, 2, . . . , Ne, n̄ is the partition in r direction and m is the partition in z direction. We

denote H(Xi), i = 1, 2, . . . , 100 for Hn, n = 1, 2, . . . , 100 and nodes Xi, i = 1, 2, . . . , 100

for (ri, zi), i = 1, 2, . . . , 10.

The support of ϕj consists of rectangles with the common node Xj .

We transform each element to a reference element, Ω̃, by using the following transfor-

mation as,
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where Ni is basis function at node i, i = 1, 2, 3, 4.

Let ξ and η are our new variable in the coordinate (ξ, η).

We are going to transform (r, z) to (ξ, η) such that

r = rq +
h

2
(1 + ξ), q = 1, 2, . . . , n− 1,

z = zp +
h

2
(1 + η), p = 1, 2, . . . ,m− 1.

The differential form can be determined as

dr =
h

2
dξ, dξ =

2

h
dr,

dz =
h

2
dη, dη =

2

h
dz,

drdz =
h2

4
dξdη.

The relationship between coordinate (r, z) to the basis functions in coordinate (ξ, η) are

r(ξ, η) = N1r1 +N2r2 +N3r3 +N4r4,

z(ξ, η) = N1z1 +N2z2 +N3z3 +N4z4.

The basis functions can be written in the form of ξ and η as

N1(ξ, η) =
(ξ2 − ξ)(η2 − η)

(ξ2 − ξ1)(η2 − η1)
=

1

4
(1− ξ)(1− η),
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N2(ξ, η) =
(ξ − ξ1)(η2 − η)

(ξ2 − ξ1)(η2 − η1)
=

1

4
(1 + ξ)(1− η),

N3(ξ, η) =
(ξ − ξ1)(η − η1)

(ξ2 − ξ1)(η2 − η1)
=

1

4
(1 + ξ)(1 + η),

N4(ξ, η) =
(ξ2 − ξ)(η − η1)

(ξ2 − ξ1)(η2 − η1)
=

1

4
(1− ξ)(1 + η).

We now consider the member of A.

A1 =

∫

Ω
∇ϕj · ∇ϕi dΩ =

∫∫

Ω
(
∂ϕi

∂r

∂ϕj

∂r
+

∂ϕi

∂z

∂ϕj

∂z
) drdz, (4.9)

After the transformation, we have

A1 =

Ñe
∑

k=1

∫∫

Ω̃k






(
2

h

∂ϕ̃i

∂ξ
)(
2

h

∂ϕ̃j

∂ξ
) + (

2

h

∂ϕ̃i

∂η
)(
2

h

∂ϕ̃j

∂η
)






(
h2

4
)dξdη

=

Ñe
∑

k=1

∫ 1

−1

∫ 1

−1
(
∂ϕ̃i

∂ξ

∂ϕ̃j

∂ξ
+

∂ϕ̃i

∂η

∂ϕ̃j

∂η
) dξdη, (4.10)

where Ñe is number of reference element.

For a fixed j, we have 9 cases for i, i, j = 1, 2, . . . , 100.

Interior nodes

case 1 : i = j

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N3

∂ξ

∂N3

∂ξ
+

∂N3

∂η

∂N3

∂η
) + (

∂N4

∂ξ

∂N4

∂ξ
+

∂N4

∂η

∂N4

∂η
)

+ (
∂N1

∂ξ

∂N1

∂ξ
+

∂N1

∂η

∂N1

∂η
) + (

∂N2

∂ξ

∂N2

∂ξ
+

∂N2

∂η

∂N2

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(

1

4
(1 + η))2 + (

1

4
(1 + ξ))2] + [(−

1

4
(1 + η))2 + (

1

4
(1− ξ))2]

+ [(−
1

4
(1− η))2 + (−

1

4
(1− ξ))2] + [(

1

4
(1− η))2 + (−

1

4
(1 + ξ))2]) dξdη =

8

3
.
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case 2 : i = j + 1

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N3

∂ξ

∂N4

∂ξ
+

∂N3

∂η

∂N4

∂η
) + (

∂N2

∂ξ

∂N1

∂ξ
+

∂N2

∂η

∂N1

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(

1

4
(1 + η))(−

1

4
(1 + η)) + (

1

4
(1 + ξ))(

1

4
(1− ξ))]

+ [(
1

4
(1− η))(−

1

4
(1− η)) + (−

1

4
(1 + ξ))(−

1

4
(1− ξ))]) dξdη = −

1

3
.

case 3 : i = j − 1

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N4

∂ξ

∂N3

∂ξ
+

∂N4

∂η

∂N3

∂η
) + (

∂N1

∂ξ

∂N2

∂ξ
+

∂N1

∂η

∂N2

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(−

1

4
(1 + η))(

1

4
(1 + η)) + (

1

4
(1− ξ))(

1

4
(1 + ξ))]

+ [(−
1

4
(1− η))(

1

4
(1− η)) + (−

1

4
(1− ξ))(−

1

4
(1 + ξ))]) dξdη = −

1

3
.

case 4 : i = j − n

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N2

∂ξ

∂N3

∂ξ
+

∂N2

∂η

∂N3

∂η
) + (

∂N1

∂ξ

∂N4

∂ξ
+

∂N1

∂η

∂N4

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(

1

4
(1− η))(

1

4
(1 + η)) + (−

1

4
(1 + ξ))(

1

4
(1 + ξ))]

+ [(−
1

4
(1− η))(−

1

4
(1 + η)) + (−

1

4
(1− ξ))(

1

4
(1− ξ))]) dξdη

= −
1

3
.
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case 5 : i = j − n− 1

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N1

∂ξ

∂N3

∂ξ
+

∂N1

∂η

∂N3

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(−

1

4
(1− η))(

1

4
(1 + η)) + (−

1

4
(1− ξ))(

1

4
(1 + ξ))]) dξdη

= −
1

3
.

case 6 : i = j − n+ 1

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N2

∂ξ

∂N4

∂ξ
+

∂N2

∂η

∂N4

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(

1

4
(1− η))(−

1

4
(1 + η)) + (−

1

4
(1 + ξ))(

1

4
(1− ξ))]) dξdη

= −
1

3
.

case 7 : i = j + n

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N4

∂ξ

∂N1

∂ξ
+

∂N4

∂η

∂N1

∂η
) + (

∂N3

∂ξ

∂N2

∂ξ
+

∂N3

∂η

∂N2

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(−

1

4
(1 + η))(−

1

4
(1− η)) + (

1

4
(1− ξ))(−

1

4
(1− ξ))]

+ [(
1

4
(1 + η))(

1

4
(1− η)) + (

1

4
(1 + ξ))(−

1

4
(1 + ξ))]) dξdη

= −
1

3
.
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case 8 : i = j + n+ 1

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N3

∂ξ

∂N1

∂ξ
+

∂N3

∂η

∂N1

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(

1

4
(1 + η))(−

1

4
(1− η)) + (

1

4
(1 + ξ))(−

1

4
(1− ξ))]) dξdη

= −
1

3
.

case 9 : i = j + n− 1

A1 =

∫ 1

−1

∫ 1

−1
[(
∂N4

∂ξ

∂N2

∂ξ
+

∂N4

∂η

∂N2

∂η
)] dξdη

=

∫ 1

−1

∫ 1

−1
([(−

1

4
(1 + η))(

1

4
(1− η)) + (

1

4
(1− ξ))(−

1

4
(1 + ξ))]) dξdη

= −
1

3
.

This gives the matrix A1 has the form,

A1 = (
1

6
)























































C B 0 0 0 0 0 0 0 0

B D B 0 0 0 0 0 0 0

0 B D B 0 0 0 0 0 0

0 0 B D B 0 0 0 0 0

0 0 0 B D B 0 0 0 0

0 0 0 0 B D B 0 0 0

0 0 0 0 0 B D B 0 0

0 0 0 0 0 0 B D B 0

0 0 0 0 0 0 0 B D B

0 0 0 0 0 0 0 0 B C























































100×100

,
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where

C =

























4 −1 0 0 0 0 0 0 0 0

−1 8 −1 0 0 0 0 0 0 0

0 −1 8 −1 0 0 0 0 0 0

0 0 −1 8 −1 0 0 0 0 0

0 0 0 −1 8 −1 0 0 0 0

0 0 0 0 −1 8 −1 0 0 0

0 0 0 0 0 −1 8 −1 0 0

0 0 0 0 0 0 −1 8 −1 0

0 0 0 0 0 0 0 −1 8 −1

0 0 0 0 0 0 0 0 −1 4

























10×10

,

B =

























−1 −2 0 0 0 0 0 0 0 0

−2 −2 −2 0 0 0 0 0 0 0

0 −2 −2 −2 0 0 0 0 0 0

0 0 −2 −2 −2 0 0 0 0 0

0 0 0 −2 −2 −2 0 0 0 0

0 0 0 0 −2 −2 −2 0 0 0

0 0 0 0 0 −2 −2 −2 0 0

0 0 0 0 0 0 −2 −2 −2 0

0 0 0 0 0 0 0 −2 −2 −2

0 0 0 0 0 0 0 0 −2 −1

























10×10

,

D =

























8 −2 0 0 0 0 0 0 0 0

−2 16 −2 0 0 0 0 0 0 0

0 −2 16 −2 0 0 0 0 0 0

0 0 −2 16 −2 0 0 0 0 0

0 0 0 −2 16 −2 0 0 0 0

0 0 0 0 −2 16 −2 0 0 0

0 0 0 0 0 −2 16 −2 0 0

0 0 0 0 0 0 −2 16 −2 0

0 0 0 0 0 0 0 −2 16 −2

0 0 0 0 0 0 0 0 −2 8

























10×10

.

The matrix A2 can be determined as

A2 =

∫

Ω
aϕi

∂ϕj

∂z
dΩ =

∫∫

Ω
(aϕi

∂ϕj

∂z
) drdz, (4.11)

After the transformation, we have

A2 =

Ñe
∑

k=1

∫∫

Ω̃k






aϕ̃i(

2

h

∂ϕ̃j

∂η
)






(
h2

4
)dξdη

=
ah

2

Ñe
∑

k=1

∫ 1

−1

∫ 1

−1
(ϕ̃i

∂ϕ̃j

∂η
) dξdη, (4.12)

where Ñe is number of reference element.
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For a fixed j, we have 9 cases for i, i, j = 1, 2, . . . , 100.

Interior nodes

case 1 : i = j

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N3

∂N3

∂η
) + (N4

∂N4

∂η
) + (N1

∂N1

∂η
) + (N2

∂N2

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[((

1

4
(1 + ξ)(1 + η))(

1

4
(1 + ξ))) + ((

1

4
(1− ξ)(1 + η))(

1

4
(1− ξ)))

+ ((
1

4
(1− ξ)(1 − η))(−

1

4
(1− ξ))) + ((

1

4
(1 + ξ)(1− η))(−

1

4
(1 + ξ)))] dξdη = 0 .

case 2 : i = j + 1

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N3

∂N4

∂η
) + (N2

∂N1

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[((

1

4
(1 + ξ)(1 + η))(

1

4
(1− ξ))) + ((

1

4
(1 + ξ)(1− η))(−

1

4
(1− ξ)))] dξdη = 0 .

case 3 : i = j − 1

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N4

∂N3

∂η
) + (N1

∂N2

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[((

1

4
(1− ξ)(1 + η))(

1

4
(1 + ξ))) + ((

1

4
(1− ξ)(1− η))(−

1

4
(1 + ξ)))] dξdη = 0 .



39

case 4 : i = j − n

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N2

∂N3

∂η
) + (N1

∂N4

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[((

1

4
(1 + ξ)(1− η))(

1

4
(1 + ξ))) + ((

1

4
(1− ξ)(1− η))(

1

4
(1− ξ)))] dξdη

=
ah

3
.

case 5 : i = j − n− 1

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N1

∂N3

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[(
1

4
(1− ξ)(1 − η))(

1

4
(1 + ξ))] dξdη =

ah

12
.

case 6 : i = j − n+ 1

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N2

∂N4

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[(
1

4
(1 + ξ)(1 − η))(

1

4
(1− ξ))] dξdη =

ah

12
.
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case 7 : i = j + n

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N3

∂N2

∂η
) + (N4

∂N1

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[((

1

4
(1 + ξ)(1 + η))(−

1

4
(1 + ξ))) + ((

1

4
(1− ξ)(1 + η))(−

1

4
(1− ξ)))] dξdη

= −
ah

3
.

case 8 : i = j + n+ 1

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N3

∂N1

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[(
1

4
(1 + ξ)(1 + η))(−

1

4
(1− ξ))] dξdη = −

ah

12
.

case 9 : i = j + n− 1

A2 =
ah

2

∫ 1

−1

∫ 1

−1
[(N4

∂N2

∂η
)] dξdη

=
ah

2

∫ 1

−1

∫ 1

−1
[(
1

4
(1− ξ)(1 + η))(−

1

4
(1 + ξ))] dξdη = −

ah

12
.
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This gives the matrix A2 has the form,

A2 = (
ah

12
)























































−C C 0 0 0 0 0 0 0 0

−C D C 0 0 0 0 0 0 0

0 −C D C 0 0 0 0 0 0

0 0 −C D C 0 0 0 0 0

0 0 0 −C D C 0 0 0 0

0 0 0 0 −C D C 0 0 0

0 0 0 0 0 −C D C 0 0

0 0 0 0 0 0 −C D C 0

0 0 0 0 0 0 0 −C D C

0 0 0 0 0 0 0 0 −C C























































100×100

,

where

C =

























2 1 0 0 0 0 0 0 0 0

1 4 1 0 0 0 0 0 0 0

0 1 4 1 0 0 0 0 0 0

0 0 1 4 1 0 0 0 0 0

0 0 0 1 4 1 0 0 0 0

0 0 0 0 1 4 1 0 0 0

0 0 0 0 0 1 4 1 0 0

0 0 0 0 0 0 1 4 1 0

0 0 0 0 0 0 0 1 4 1

0 0 0 0 0 0 0 0 1 2

























10×10

,

and D is zeros matrix size 10× 10.

The matrix A3 can be determined as

A3 = −

∫

Ω
[(
1

r
− b)ϕi

∂ϕj

∂r
] dΩ = −

∫∫

Ω
[(
1

r
− b)ϕi

∂ϕj

∂r
] drdz, (4.13)

After the transformation, we have

A3 = −

Ñe
∑

k=1

∫∫

Ω̃k

































1


rq +
h

2
(1 + ξ)





− b

















ϕ̃i(
2

h

∂ϕ̃j

∂ξ
)

















(
h2

4
)dξdη

= −

h

2

Ñe
∑

k=1

∫

1

−1

∫

1

−1

(

















1


rq +
h

2
(1 + ξ)





− b

















ϕ̃i

∂ϕ̃j

∂ξ
) dξdη, (4.14)



42

where Ñe is number of reference element and q is index of i.

For a fixed j, we have 9 cases for i, i, j = 1, 2, . . . , 100.

Interior nodes

case 1 : i = j

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)N3

∂N3

∂ξ
) + ((

1

(ri +
h

2
(1 + ξ))

− b)N4

∂N4

∂ξ
)

+ ((
1

(ri +
h

2
(1 + ξ))

− b)N1

∂N1

∂ξ
) + ((

1

(ri−1 +
h

2
(1 + ξ))

− b)N2

∂N2

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(

1

4
(1 + η)))

+ ((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(−

1

4
(1 + η))) + ((

1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(−

1

4
(1 − η)))

+ ((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(

1

4
(1 − η)))] dξdη = −

h

2
[p + q + r̂ + s] .

case 2 : i = j + 1

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)N3

∂N4

∂ξ
) + ((

1

(ri−1 +
h

2
(1 + ξ))

− b)N2

∂N1

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(−

1

4
(1 + η)))

+ ((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(−

1

4
(1 − η)))] dξdη = −

h

2
[m̂ + n̂] .

case 3 : i = j − 1
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A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri +
h

2
(1 + ξ))

− b)N4

∂N3

∂ξ
) + ((

1

(ri +
h

2
(1 + ξ))

− b)N1

∂N2

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(

1

4
(1 + η)))

+ ((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(

1

4
(1 − η)))] dξdη = −

h

2
[â + b̂] .

case 4 : i = j − n

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)N2

∂N3

∂ξ
) + ((

1

(ri +
h

2
(1 + ξ))

− b)N1

∂N4

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(

1

4
(1 + η)))

+ ((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(−

1

4
(1 + η)))] dξdη = −

h

2
[c + d] .

case 5 : i = j − n− 1

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri +
h

2
(1 + ξ))

− b)N1

∂N3

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(

1

4
(1 + η)))] dξdη = −

h

2
[f ] .

case 6 : i = j − n+ 1

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)N2

∂N4

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(−

1

4
(1 + η)))] dξdη = −

h

2
[e] .
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case 7 : i = j + n

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)N3

∂N2

∂ξ
) + ((

1

(ri +
h

2
(1 + ξ))

− b)N4

∂N1

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − η)))

+ ((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(−

1

4
(1 − η)))] dξdη = −

h

2
[g + i] .

case 8 : i = j + n+ 1

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)N3

∂N1

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(−

1

4
(1 − η)))] dξdη = −

h

2
[l] .

case 9 : i = j + n− 1

A3 = −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri +
h

2
(1 + ξ))

− b)N4

∂N2

∂ξ
)] dξdη

= −

h

2

∫

1

−1

∫

1

−1

[((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(

1

4
(1 − η)))] dξdη = −

h

2
[k] .
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This gives the matrix A3 has the form,

A3 = (−
h

2
)























































C B 0 0 0 0 0 0 0 0

G D B 0 0 0 0 0 0 0

0 G D B 0 0 0 0 0 0

0 0 G D B 0 0 0 0 0

0 0 0 G D B 0 0 0 0

0 0 0 0 G D B 0 0 0

0 0 0 0 0 G D B 0 0

0 0 0 0 0 0 G D B 0

0 0 0 0 0 0 0 G D B

0 0 0 0 0 0 0 0 G E























































100×100

,

where

C =

























r̂ b̂ 0 0 0 0 0 0 0 0

n̂ (r̂ + s) b̂ 0 0 0 0 0 0 0

0 n̂ (r̂ + s) b̂ 0 0 0 0 0 0

0 0 n̂ (r̂ + s) b̂ 0 0 0 0 0

0 0 0 n̂ (r̂ + s) b̂ 0 0 0 0

0 0 0 0 n̂ (r̂ + s) b̂ 0 0 0

0 0 0 0 0 n̂ (r̂ + s) b̂ 0 0

0 0 0 0 0 0 n̂ (r̂ + s) b̂ 0

0 0 0 0 0 0 0 n̂ (r̂ + s) b̂

0 0 0 0 0 0 0 0 n̂ s

























10×10

,

B =

























d f̂ 0 0 0 0 0 0 0 0

e (c + d) f 0 0 0 0 0 0 0

0 e (c + d) f 0 0 0 0 0 0

0 0 e (c + d) f 0 0 0 0 0

0 0 0 e (c + d) f 0 0 0 0

0 0 0 0 e (c + d) f 0 0 0

0 0 0 0 0 e (c + d) f 0 0

0 0 0 0 0 0 e (c + d) f 0

0 0 0 0 0 0 0 e (c + d) f

0 0 0 0 0 0 0 0 e c

























10×10

,

G =

























i k̂ 0 0 0 0 0 0 0 0

l (g + i) k 0 0 0 0 0 0 0

0 l (g + i) k 0 0 0 0 0 0

0 0 l (g + i) k 0 0 0 0 0

0 0 0 l (g + i) k 0 0 0 0

0 0 0 0 l (g + i) k 0 0 0

0 0 0 0 0 l (g + i) k 0 0

0 0 0 0 0 0 l (g + i) k 0

0 0 0 0 0 0 0 l (g + i) k

0 0 0 0 0 0 0 0 l g

























10×10

,
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D =

























(q + r̂) (â + b̂) 0 0 0 0 0 0 0 0

(m̂ + n̂) U (â + b̂) 0 0 0 0 0 0 0

0 (m̂ + n̂) U (â + b̂) 0 0 0 0 0 0

0 0 (m̂ + n̂) U (â + b̂) 0 0 0 0 0

0 0 0 (m̂ + n̂) U (â + b̂) 0 0 0 0

0 0 0 0 (m̂ + n̂) U (â + b̂) 0 0 0

0 0 0 0 0 (m̂ + n̂) U (â + b̂) 0 0

0 0 0 0 0 0 (m̂ + n̂) U (â + b̂) 0

0 0 0 0 0 0 0 (m̂ + n̂) U (â + b̂)

0 0 0 0 0 0 0 0 (m̂ + n̂) (p + s)

























10×10

,

U = (q + r̂ + p+ s),

E =

























q â 0 0 0 0 0 0 0 0

m̂ (q + p) â 0 0 0 0 0 0 0

0 m̂ (q + p) â 0 0 0 0 0 0

0 0 m̂ (q + p) â 0 0 0 0 0

0 0 0 m̂ (q + p) â 0 0 0 0

0 0 0 0 m̂ (q + p) â 0 0 0

0 0 0 0 0 m̂ (q + p) â 0 0

0 0 0 0 0 0 m̂ (q + p) â 0

0 0 0 0 0 0 0 m̂ (q + p) â

0 0 0 0 0 0 0 0 m̂ p

























10×10

.

such that

p =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(

1

4
(1 + η)))dξdη,

q =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(−

1

4
(1 + η)))dξdη,

r̂ =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(−

1

4
(1 − η)))dξdη,

s =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(

1

4
(1 − η)))] dξdη,

m̂ =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(−

1

4
(1 + η)))dξdη,

n̂ =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(−

1

4
(1 − η))) dξdη,

â =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(

1

4
(1 + η))) dξdη,
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b̂ =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(

1

4
(1 − η))) dξdη,

c =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(

1

4
(1 + η))) dξdη,

d =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(−

1

4
(1 + η))) dξdη,

f =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 − η))(

1

4
(1 + η))) dξdη,

e =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 − η))(−

1

4
(1 + η))) dξdη,

g =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − η))) dξdη,

i =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(−

1

4
(1 − η))) dξdη,

l =

∫

1

−1

∫

1

−1

((
1

(ri−1 +
h

2
(1 + ξ))

− b)(
1

4
(1 + ξ)(1 + η))(−

1

4
(1 − η))) dξdη,

k =

∫

1

−1

∫

1

−1

((
1

(ri +
h

2
(1 + ξ))

− b)(
1

4
(1 − ξ)(1 + η))(

1

4
(1 − η))) dξdη.

The matrix A4 can be determined as

A4 =

∫

Ω
[(
1

r2
+

b

r
)ϕiϕj ] dΩ =

∫∫

Ω
[(
1

r2
+

b

r
)ϕiϕj ] drdz, (4.15)

After the transformation, we have

A4 =

Ñe
∑

k=1

∫∫

Ω̃k





































1


rq +
h

2
(1 + ξ)





2
+

b


rq +
h

2
(1 + ξ)























ϕ̃iϕ̃j



















(
h2

4
)dξdη

=
h2

4

Ñe
∑

k=1

∫

1

−1

∫

1

−1





































1


rq +
h

2
(1 + ξ)





2
+

b


rq +
h

2
(1 + ξ)























ϕ̃iϕ̃j



















dξdη, (4.16)

where Ñe is number of reference element and q is index of i.

For a fixed j, we have 9 cases for i, i, j = 1, 2, . . . , 100.
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Interior nodes

case 1 : i = j

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N3N3) + (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N4N4)

+ (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N1N1) + (



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N2N2)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))

2
)

+ (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))

2
) + (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 − η))

2
)

+ (



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))

2
)] dξdη =

h2

4
[p + q + r̂ + s] .

case 2 : i = j + 1

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N3N4) + (



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N2N1)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 + η)))

+ (



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))(

1

4
(1 − ξ)(1 − η)))] dξdη =

h2

4
[â + b̂] .
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case 3 : i = j − 1

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N4N3) + (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N2N1)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 + η)))

+ (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))(

1

4
(1 − ξ)(1 − η)))] dξdη =

h2

4
[c + d] .

case 4 : i = j − n

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N2N3) + (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N1N4)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))(

1

4
(1 + ξ)(1 + η)))

+ (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 − η))(

1

4
(1 − ξ)(1 + η)))] dξdη =

h2

4
[e + f ] .

case 5 : i = j − n− 1

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N3N1)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 − η)))] dξdη =

h2

4
[i] .
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case 6 : i = j − n+ 1

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N4N2)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))(

1

4
(1 + ξ)(1 − η)))] dξdη =

h2

4
[g] .

case 7 : i = j + n

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N3N2) + (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N4N1)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 + ξ)(1 − η)))

+ (



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))(

1

4
(1 − ξ)(1 − η)))] dξdη =

h2

4
[k + l] .

case 8 : i = j + n+ 1

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























N3N1)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 − η)))] dξdη =

h2

4
[n̂] .
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case 9 : i = j + n− 1

A4 =
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























N4N2)] dξdη

=
h2

4

∫

1

−1

∫

1

−1

[(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))(

1

4
(1 + ξ)(1 − η)))] dξdη =

h2

4
[m̂] .

This gives the matrix A4 has the form,

A4 = (
h2

4
)























































C B 0 0 0 0 0 0 0 0

G D B 0 0 0 0 0 0 0

0 G D B 0 0 0 0 0 0

0 0 G D B 0 0 0 0 0

0 0 0 G D B 0 0 0 0

0 0 0 0 G D B 0 0 0

0 0 0 0 0 G D B 0 0

0 0 0 0 0 0 G D B 0

0 0 0 0 0 0 0 G D B

0 0 0 0 0 0 0 0 G E























































100×100

,

where

C =

























r̂ d 0 0 0 0 0 0 0 0

b̂ (r̂ + s) d 0 0 0 0 0 0 0

0 b̂ (r̂ + s) d 0 0 0 0 0 0

0 0 b̂ (r̂ + s) d 0 0 0 0 0

0 0 0 b̂ (r̂ + s) d 0 0 0 0

0 0 0 0 b̂ (r̂ + s) d 0 0 0

0 0 0 0 0 b̂ (r̂ + s) d 0 0

0 0 0 0 0 0 b̂ (r̂ + s) d 0

0 0 0 0 0 0 0 b̂ (r̂ + s) d

0 0 0 0 0 0 0 0 b̂ s

























10×10

,
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B =

























f i 0 0 0 0 0 0 0 0

g (e + f) i 0 0 0 0 0 0 0

0 g (e + f) i 0 0 0 0 0 0

0 0 g (e + f) i 0 0 0 0 0

0 0 0 g (e + f) i 0 0 0 0

0 0 0 0 g (e + f) i 0 0 0

0 0 0 0 0 g (e + f) i 0 0

0 0 0 0 0 0 g (e + f) i 0

0 0 0 0 0 0 0 g (e + f) i

0 0 0 0 0 0 0 0 g e

























10×10

,

G =

























l m̂ 0 0 0 0 0 0 0 0

n̂ (l + k) m̂ 0 0 0 0 0 0 0

0 n̂ (l + k) m̂ 0 0 0 0 0 0

0 0 n̂ (l + k) m̂ 0 0 0 0 0

0 0 0 n̂ (l + k) m̂ 0 0 0 0

0 0 0 0 n̂ (l + k) m̂ 0 0 0

0 0 0 0 0 n̂ (l + k) m̂ 0 0

0 0 0 0 0 0 n̂ (l + k) m̂ 0

0 0 0 0 0 0 0 n̂ (l + k) m̂

0 0 0 0 0 0 0 0 n̂ k

























10×10

,

D =

























(q + r̂) (c + d) 0 0 0 0 0 0 0 0

(â + b̂) U (c + d) 0 0 0 0 0 0 0

0 (â + b̂) U (c + d) 0 0 0 0 0 0

0 0 (â + b̂) U (c + d) 0 0 0 0 0

0 0 0 (â + b̂) U (c + d) 0 0 0 0

0 0 0 0 (â + b̂) U (c + d) 0 0 0

0 0 0 0 0 (â + b̂) U (c + d) 0 0

0 0 0 0 0 0 (â + b̂) U (c + d) 0

0 0 0 0 0 0 0 (â + b̂) U (c + d)

0 0 0 0 0 0 0 0 (â + b̂) (p + s)

























10×10

,

where U = (q + r̂ + p+ s)

E =

























q c 0 0 0 0 0 0 0 0

â (q + p) c 0 0 0 0 0 0 0

0 â (q + p) c 0 0 0 0 0 0

0 0 â (q + p) c 0 0 0 0 0

0 0 0 â (q + p) c 0 0 0 0

0 0 0 0 â (q + p) c 0 0 0

0 0 0 0 0 â (q + p) c 0 0

0 0 0 0 0 0 â (q + p) c 0

0 0 0 0 0 0 0 â (q + p) c

0 0 0 0 0 0 0 0 â p

























10×10

.
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such that

p =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))

2
) dξdη,

q =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))

2
) dξdη,

r̂ =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 − η))

2
) dξdη,

s =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))

2
) dξdη,

â =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 + η))) dξdη,

b̂ =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))(

1

4
(1 − ξ)(1 − η))) dξdη,

c =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 + η))) dξdη,

d =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))(

1

4
(1 − ξ)(1 − η))) dξdη,

e =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 − η))(

1

4
(1 + ξ)(1 + η))) dξdη,

f =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 − η))(

1

4
(1 − ξ)(1 + η))) dξdη,

i =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 − η))) dξdη,
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g =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))(

1

4
(1 + ξ)(1 − η))) dξdη,

k =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 + ξ)(1 − η))) dξdη,

l =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))(

1

4
(1 − ξ)(1 − η))) dξdη,

n̂ =

∫

1

−1

∫

1

−1

(



















1


ri−1 +
h

2
(1 + ξ)





2
+

b


ri−1 +
h

2
(1 + ξ)























(
1

4
(1 + ξ)(1 + η))(

1

4
(1 − ξ)(1 − η))) dξdη,

m̂ =

∫

1

−1

∫

1

−1

(



















1


ri +
h

2
(1 + ξ)





2
+

b


ri +
h

2
(1 + ξ)























(
1

4
(1 − ξ)(1 + η))(

1

4
(1 + ξ)(1 − η))) dξdη.

The system becomes

AH̄ = 0,

[

Ai,j = A1(i,j) +A2(i,j) +A3(i,j) +A4(i,j)

]

100×100



































H1

H2

.

.

.

Hn−1

Hn



































100×1

=



































0

0

.

.

.

0

0



































100×1

.

Observe that the boundary conditions (4.2) . H1,H2, . . . ,H10 and H10C+1,H10(C+1),

n = 1, 2, . . . , 100 and C = 1, 2, . . . , 8 and H91,H92, . . . ,H100 are known value. So we don’t

have to solve for H is known value.

The system becomes

AH̄ = F,
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[

Ai,j

]

64×64





























HM1

HM2

.

.

.

HM8





























64×1

=





























fM1

fM2

.

.

.

fM8





























64×1

,

where

HMC =





























H10C+2

H10C+3

.

.

.

H10C+9





























8×1

and fMC =





























f10C+2

f10C+3

.

.

.

f10C+9





























8×1

,

C = 1, 2, . . . , 8.

Here

f12 = f12 −A12,2H2 −A12,3H3 −A12,1H1 −A12,11H11 −A12,21H21,

f19 = f19 −A19,9H9 −A19,10H10 −A19,8H8 −A19,20H20 −A19,30H30,

f82 = f82 −A82,71H71 −A82,81H81 −A82,91H91 −A82,92H92 −A82,93H93,

f89 = f89 −A89,80H80 −A89,90H90 −A89,100H100 −A89,99H99 −A89,98H98,

Let i = 13, 14, 15, 16, 17, 18

fi = fi −Ai,(i−10)H(i−10) −Ai,(i−11)H(i−11) −Ai,(i−9)H(i−9),

Let i = 22, 32, 42, 52, 62, 72

fi = fi −Ai,(i−1)H(i−1) −Ai,(i+9)H(i+9) −Ai,(i−11)H(i−11),

Let i = 29, 39, 49, 59, 69, 79

fi = fi −Ai,(i+1)H(i+1) −Ai,(i−9)H(i−9) −Ai,(i+11)H(i+11).
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4.1.1 Numerical Experiments

Numerical results of the magnetic field intensity from equation (4.1) are obtained by

using the Finite Element Method form rectangular elements. There is a source providing

a DC voltage of direct current I = 1A and receiver on the ground surface which picks up

the signal from r = 10 to r = 190 m. The depth z start from the ground surface z = 0

to z = 180 m. The grid size h = 20 m. a and b are given constants . The magnetic field

intensity is computed by using MATLAB programing.

Consider for the case of an exponentially decreasing conductivity σ(r, z) = σ0e
(az+br)

when a < 0 and b = 0, the graphs of the relationship between magnetic field intensity

and spacing of source-receiver at various depths are plotted as shown in Figure 4.2 and

4.3.
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Figure 4.2: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0, a is varied and z is fixed (a) a = −0.0001 m−1

(b) a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.
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From Figure 4.2 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, we can see that the values of magnetic field decrease exponentially as r and z

increase. The values of magnetic field decrease as a decreases.

(a) (b)

(c) (d)

Figure 4.3: Graphs of the relationship between magnetic field intensity and distance

of receiver from source where b = 0, a varies from −0.0001, −0.001, −0.005 and

−0.01 m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and

(d) z = 140 m.

From Figure 4.3 (a) to (d) represents the values of magnetic field which are plotted

against r whereas a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can

see that the values of magnetic fields where a = −0.0001,−0.001,−0.005 and −0.01 m−1

decrease exponentially as r increases and it has similar maner when z increases. Because

the values of magnetic field decrease to zero and have values near zero when z increases

as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.4.

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

(a) (b)

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

2

4

6

8

10

12

14
x 10

−3

r (m)

z 
(m

)

 

 

10 30 50 70 90 110 130 150 170

0

20

40

60

80

100

120

140

160 0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

(c) (d)

Figure 4.4: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0, (a) a = −0.0001 m−1 (b) a = −0.001

m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 4.4 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, the red color shows the area when the values of magnetic field is high and the

blue color shows the area when the values of magnetic field is low.
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Consider for the case of an exponentially increasing conductivity σ(r, z) = σ0e
(az+br)

when a > 0 and b = 0, the graphs of the relationship between magnetic field intensity

and spacing of source - receiver at various depths are plotted as shown in Figure 4.5 and

4.6.
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Figure 4.5: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0, a varies and z is fixed (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.5 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

we can see that the values of magnetic fields decrease exponentially as r and z increase.

The values of magnetic fields increase whereas a increases. The results agree to Tunnurak

et al. [12].
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(a) (b)

(c) (d)

Figure 4.6: Graphs of the relationship between magnetic field intensity and distance

of receiver from source where b = 0, a varies from 0.0001, 0.001, 0.005 and 0.01

m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and (d) z = 140

m.

From Figure 4.6 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can see

that the values of magnetic fields where a = 0.0001, 0.001, 0.005 and 0.01 m−1 decrease

exponentially as r increases and it has similar maner where z increases. Because the val-

ues of magnetic fields decrease to zero and has value near zero where z increases as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.7.
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Figure 4.7: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0, (a) a = 0.0001 m−1 (b) a = 0.001 m−1

(c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.7 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

the red color shows the area where the values of magnetic field is high and the blue color

shows the area when the values of magnetic field is low. The results agree to Tunnurak

et al. [12].
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Consider for the case of an exponentially decreasing conductivity σ(r, z) = σ0e
(az+br)

when a < 0 and b = −0.001, the graphs of the relationship between magnetic field

intensity and spacing of source - receiver at various depths are plotted as shown in Figure

4.8 and 4.9.

10
30

50
70

90
110

130
150

170
190

0
20

40
60

80
100

120
140

160
180

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

 

r (m)

z (m)

 

0

5

10

15

x 10
−3

10
30

50
70

90
110

130
150

170
190

0
20

40
60

80
100

120
140

160
180

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

 

r (m)

z (m)

 0

5

10

15

x 10
−3

(a) (b)

10
30

50
70

90
110

130
150

170
190

0
20

40
60

80
100

120
140

160
180

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

 

r (m)

z (m)

 

0

5

10

15

x 10
−3

10
30

50
70

90
110

130
150

170
190

0
20

40
60

80
100

120
140

160
180

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

 

r (m)

z (m)

 
0

5

10

15

x 10
−3

(c) (d)

Figure 4.8: Graphs of the magnetic field intensity via distance of receiver from

source where b = −0.001, a varies and z is fixed (a) a = −0.0001 m−1

(b) a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 4.8 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, we can see that the values of magnetic field decrease exponentially as r and z

increase. The values of magnetic field decrease where a decreases.
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(a) (b)

(c) (d)

Figure 4.9: Graphs of the relationship between magnetic field intensity and distance

of receiver from source where b = −0.001, a varies from −0.0001, −0.001, −0.005

and −0.01 m−1 as z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and

(d) z = 140 m.

From Figure 4.9 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can

see that the values of magnetic fields where a = −0.0001,−0.001,−0.005 and −0.01 m−1

decrease exponentially as r increases and it has similar maner where z increases. Because

the values of magnetic field decrease to zero and have values near zero where z increases

as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.10.
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Figure 4.10: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = −0.001, (a) a = −0.0001 m−1

(b) a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 4.10 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, the red color shows the area when the values of magnetic field is high and the

blue color shows the area when the values of magnetic field is low.
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Consider for the case of an exponentially increasing conductivity σ(r, z) = σ0e
(az+br)

when a > 0 and b = 0.001, the graphs of the relationship between magnetic field intensity

and spacing of source - receiver at various depths are plotted as shown in Figure 4.11 and

4.12.
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Figure 4.11: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0.001, a varies and z is fixed (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.11 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

we can see that the values of magnetic fields decrease exponentially as r and z increase.

The values of magnetic fields increase when a increases.
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(a) (b)

(c) (d)

Figure 4.12: Graphs of the relationship between magnetic field intensity and dis-

tance of receiver from source where b = 0.001, a varies from 0.0001, 0.001, 0.005

and 0.01 m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and

(d) z = 140 m.

From Figure 4.12 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can see

that the values of magnetic fields where a = 0.0001, 0.001, 0.005 and 0.01 m−1 decrease

exponentially as r increases and it has similar maner where z increases. Because the val-

ues of magnetic fields decrease to zero and has value near zero where z increases as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.13.
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Figure 4.13: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0.001, (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.13 (a) to (d), when a = 0.01, 0.05, 0.1, 0.2 and 0.3 m−1, respectively,

the red color shows the area where the values of magnetic field is high and the blue color

shows the area where the values of magnetic field is low.
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4.1.2 Summarize

In this section, we present a mathematical model by using the Magnetometric

Resistivity Method with 2−dimensional continuously conductivity model as σ(r, z) =

σ0e
(az+br). The relationship between magnetic field and electric field is considered by

using the Maxwell’s equations. The magnetic field intensity is obtained by solving partial

differential equation. The solution are obtained by using rectangular Finite Element

Method. MATLAB program is used to calculate and plot graph for the value of magnetic

field intensity. The behavior of magnetic field intensity will be performed at different

depths and locations. In our research, the behavior of magnetic field decreases to zero

when we increases the depth. As well as the case of increasing the space between source

- receiver, the magnetic field decreases to zero too. The values of a and b are important

role for the conduction of the ground and effect to the magnetic field quantities as well.

For the high conductive ground (a and b > 0), the response of magnetic field will be very

strong. In the opposite direction (a and b < 0), the response field will be very weak.
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4.2 Triangular Elements

Figure 4.14: Discretizing the domain Ω using a triangular uniform grid.

We divide Ω into triangular elements, Ωk, 2[(n̄ − 1) × (m − 1)] = Ne elements,

where k = 1, 2, . . . , Ne, n̄ is the partition in r direction and m is the partition in z

direction. We denote H(Xi), i = 1, 2, . . . , 100 for Hi, i = 1, 2, . . . , 100 and nodes Xi,

i = 1, 2, . . . , 100 for (ri, zi), i = 1, 2, . . . , 10.

The support of ϕj consists of triangles with the common nodes Xj ,
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We transfrom each element Ωk into reference element Ω̃, by using the following trans-

formation as

where λi is basis function at node i, i = 1, 2, 3.

Let ξ and η are our new variable in the coordinate (ξ, η).

The relationship between coordinate (r, z) to the basis functions in coordinate (ξ, η) are

r(ξ, η) = r1λ̃1 + r2λ̃2 + r3λ̃3,

z(ξ, η) = z1λ̃1 + z2λ̃2 + z3λ̃3,

where,

r(0, 0) = r1, r(1, 0) = r2, r(0, 1) = r3,

z(0, 0) = z1, r(1, 0) = z2, r(0, 1) = z3.

The basis functions can be written in the form of ξ and η as

λ̃1 = 1− ξ − η,

λ̃2 = ξ,

λ̃3 = η.

Thus,

r(ξ, η) = r1(1− ξ − η) + r2(ξ) + r3(η) = r1 + (r2 − r1)ξ + (r3 − r1)η.
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and

z(ξ, η) = z1(1− ξ − η) + z2(ξ) + z3(η) = z1 + (z2 − z1)ξ + (z3 − z1)η.

The Jacobian matrix can be written as





dr

dz



 =













∂r

∂ξ

∂r

∂η

∂z

∂ξ

∂z

∂η

















dξ

dη



 =





r2 − r1 r3 − r1

z2 − z1 z3 − z1









dξ

dη



 .

So, drdz =| J | dξdη.

We have two types of elements in Ω namely Ω1 and Ω2

Figure 4.15: Ω1.

such that

r = ri + hξ and z = zj + hη

Figure 4.16: Ω2.

such that

r = ri − hξ and z = zj − hη.
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Therefore, the Jacobian matrix of Ω1

J =





h 0

0 h



 ,

| J |= h2,

and the Jacobian matrix of Ω2 similar Ω1.

So,

drdz =| J | dξdη = h2dξdη.

We now consider the member of A.

A1 =

∫

Ω
∇ϕj · ∇ϕi dΩ =

∫∫

Ω
(
∂ϕi

∂r

∂ϕj

∂r
+

∂ϕi

∂z

∂ϕj

∂z
) drdz, (4.17)

After the transformation, we have

A1 =

Ñe
∑

k=1

∫∫

Ω̃k






(
1

h

∂ϕ̃i

∂ξ
)(
1

h

∂ϕ̃j

∂ξ
) + (

1

h

∂ϕ̃i

∂η
)(
1

h

∂ϕ̃j

∂η
)






(h2)dξdη

=

Ñe
∑

k=1

∫ 1

0

∫ 1−η

0
(
∂ϕ̃i

∂ξ

∂ϕ̃j

∂ξ
+

∂ϕ̃i

∂η

∂ϕ̃j

∂η
) dξdη, (4.18)

where Ñe is number of reference element.

For a fixed j, we have 7 cases for i, i, j = 1, 2, . . . , 100.

Interior nodes

case 1 : i = j

A1 =

∫ 1

0

∫ 1−η

0
2[((

∂λ̃1

∂ξ
)2 + (

∂λ̃1

∂η
)2) + ((

∂λ̃2

∂ξ
)2 + (

∂λ̃2

∂η
)2) + ((

∂λ̃3

∂ξ
)2 + (

∂λ̃3

∂η
)2)]dξdη

= 4 .
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case 2 : i = j − 1

A1 =

∫ 1

0

∫ 1−η

0
2(
∂λ̃1

∂ξ

∂λ̃2

∂ξ
+

∂λ̃1

∂η

∂λ̃2

∂η
)dξdη = −1 .

case 3 : i = j + 1

A1 =

∫ 1

0

∫ 1−η

0
2(
∂λ̃2

∂ξ

∂λ̃1

∂ξ
+

∂λ̃2

∂η

∂λ̃1

∂η
)dξdη = −1 .

case 4 : i = j − n

A1 =

∫ 1

0

∫ 1−η

0
2(
∂λ̃1

∂ξ

∂λ̃3

∂ξ
+

∂λ̃1

∂η

∂λ̃3

∂η
)dξdη = −1 .

case 5 : i = j − n+ 1

A1 =

∫ 1

0

∫ 1−η

0
2(
∂λ̃2

∂ξ

∂λ̃3

∂ξ
+

∂λ̃2

∂η

∂λ̃3

∂η
)dξdη = 0 .
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case 6 : i = j + n

A1 =

∫ 1

0

∫ 1−η

0
2(
∂λ̃3

∂ξ

∂λ̃1

∂ξ
+

∂λ̃3

∂η

∂λ̃1

∂η
)dξdη = −1 .

case 7 : i = j + n− 1

A1 =

∫ 1

0

∫ 1−η

0
2(
∂λ̃3

∂ξ

∂λ̃2

∂ξ
+

∂λ̃3

∂η

∂λ̃2

∂η
)dξdη = 0 .

This gives the matrix A1 has the form,

A1 = (
1

2
)























































C B 0 0 0 0 0 0 0 0

B D B 0 0 0 0 0 0 0

0 B D B 0 0 0 0 0 0

0 0 B D B 0 0 0 0 0

0 0 0 B D B 0 0 0 0

0 0 0 0 B D B 0 0 0

0 0 0 0 0 B D B 0 0

0 0 0 0 0 0 B D B 0

0 0 0 0 0 0 0 B D B

0 0 0 0 0 0 0 0 B C























































100×100

,

where

C =

























2 −1 0 0 0 0 0 0 0 0

−1 4 −1 0 0 0 0 0 0 0

0 −1 4 −1 0 0 0 0 0 0

0 0 −1 4 −1 0 0 0 0 0

0 0 0 −1 4 −1 0 0 0 0

0 0 0 0 −1 4 −1 0 0 0

0 0 0 0 0 −1 4 −1 0 0

0 0 0 0 0 0 −1 4 −1 0

0 0 0 0 0 0 0 −1 4 −1

0 0 0 0 0 0 0 0 −1 2

























10×10

,
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B =

























−1 0 0 0 0 0 0 0 0 0

0 −2 0 0 0 0 0 0 0 0

0 0 −2 0 0 0 0 0 0 0

0 0 0 −2 0 0 0 0 0 0

0 0 0 0 −2 0 0 0 0 0

0 0 0 0 0 −2 0 0 0 0

0 0 0 0 0 0 −2 0 0 0

0 0 0 0 0 0 0 −2 0 0

0 0 0 0 0 0 0 0 −2 0

0 0 0 0 0 0 0 0 0 −1

























10×10

,

D =

























4 −2 0 0 0 0 0 0 0 0

−2 8 −2 0 0 0 0 0 0 0

0 −2 8 −2 0 0 0 0 0 0

0 0 −2 8 −2 0 0 0 0 0

0 0 0 −2 8 −2 0 0 0 0

0 0 0 0 −2 8 −2 0 0 0

0 0 0 0 0 −2 8 −2 0 0

0 0 0 0 0 0 −2 8 −2 0

0 0 0 0 0 0 0 −2 8 −2

0 0 0 0 0 0 0 0 −2 4

























10×10

.

The matrix A2 can be determined as

A2 =

∫

Ω
aϕi

∂ϕj

∂z
dΩ =

∫∫

Ω
(aϕi

∂ϕj

∂z
) drdz, (4.19)

After the transformation, we have

A2 =

Ñe
∑

k=1

∫∫

Ω̃k






aϕ̃i(

1

h

∂ϕ̃j

∂η
)






(h2)dξdη

= ah

Ñe
∑

k=1

∫ 1

0

∫ 1−η

0
(ϕ̃i

∂ϕ̃j

∂η
) dξdη, (4.20)

where Ñe is number of reference element.

For a fixed j, we have 7 cases for i, i, j = 1, 2, . . . , 100.

Interior nodes

case 1 : i = j
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A2 =

∫ 1

0

∫ 1−η

0
2ah[(λ̃1

∂λ̃1

∂η
) + (λ̃3

∂λ̃3

∂η
) + (λ̃2

∂λ̃2

∂η
)]dξdη

= 0 .

case 2 : i = j − 1

A2 =

∫ 1

0

∫ 1−η

0
ah[(λ̃1

∂λ̃2

∂η
) + (λ̃2

∂λ̃1

∂η
)]dξdη

=

∫ 1

0

∫ 1−η

0
ah[−ξ]dξdη = −

ah

6
.

case 3 : i = j + 1

A2 =

∫ 1

0

∫ 1−η

0
ah[(λ̃2

∂λ̃1

∂η
) + (λ̃1

∂λ̃2

∂η
)]dξdη

=

∫ 1

0

∫ 1−η

0
ah[−ξ]dξdη = −

ah

6
.

case 4 : i = j − n

A2 =

∫ 1

0

∫ 1−η

0
ah[(λ̃1

∂λ̃3

∂η
) + (λ̃3

∂λ̃1

∂η
)]dξdη

=

∫ 1

0

∫ 1−η

0
ah[(1− ξ − η)− η]dξdη = 0 .



77

case 5 : i = j − n+ 1

A2 =

∫ 1

0

∫ 1−η

0
ah[(λ̃2

∂λ̃3

∂η
) + (λ̃3

∂λ̃2

∂η
)]dξdη

=

∫ 1

0

∫ 1−η

0
ah[ξ]dξdη =

ah

6
.

case 6 : i = j + n

A2 =

∫ 1

0

∫ 1−η

0
ah[(λ̃3

∂λ̃1

∂η
) + (λ̃1

∂λ̃3

∂η
)]dξdη

=

∫ 1

0

∫ 1−η

0
ah[−η + (1− ξ − η)]dξdη = 0 .

case 7 : i = j + n− 1

A2 =

∫ 1

0

∫ 1−η

0
ah[(λ̃3

∂λ̃2

∂η
) + (λ̃2

∂λ̃3

∂η
)]dξdη

=

∫ 1

0

∫ 1−η

0
ah[ξ]dξdη =

ah

6
.
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This gives the matrix A2 has the form,

A2 = (
ah

6
)























































C B 0 0 0 0 0 0 0 0

G D B 0 0 0 0 0 0 0

0 G D B 0 0 0 0 0 0

0 0 G D B 0 0 0 0 0

0 0 0 G D B 0 0 0 0

0 0 0 0 G D B 0 0 0

0 0 0 0 0 G D B 0 0

0 0 0 0 0 0 G D B 0

0 0 0 0 0 0 0 G D B

0 0 0 0 0 0 0 0 G E























































100×100

,

where

C =

























−1 0 0 0 0 0 0 0 0 0

−1 0 0 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0 0

0 0 0 −1 0 0 0 0 0 0

0 0 0 0 −1 0 0 0 0 0

0 0 0 0 0 −1 0 0 0 0

0 0 0 0 0 0 −1 0 0 0

0 0 0 0 0 0 0 −1 0 0

0 0 0 0 0 0 0 0 −̂1 1

























10×10

,

G =

























−1 1 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 1

























10×10

,

D =

























0 −1 0 0 0 0 0 0 0 0

−1 0 −1 0 0 0 0 0 0 0

0 −1 0 −1 0 0 0 0 0 0

0 0 −1 0 −1 0 0 0 0 0

0 0 0 −1 0 −1 0 0 0 0

0 0 0 0 −1 0 −1 0 0 0

0 0 0 0 0 −1 0 −1 0 0

0 0 0 0 0 0 −1 0 −1 0

0 0 0 0 0 0 0 −1 0 −1

0 0 0 0 0 0 0 0 −1 0

























10×10

,

B = -C and E = -G .
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The matrix A3 can be determined as

A3 = −

∫

Ω
[(
1

r
− b)ϕi

∂ϕj

∂r
] dΩ = −

∫∫

Ω
[(
1

r
− b)ϕi

∂ϕj

∂r
] drdz, (4.21)

After the transformation, we have

A3 = −
Ñe
∑

k=1

∫∫

Ω̃k






(
1

r
− b)ϕ̃i(

1

h

∂ϕ̃j

∂ξ
)






(h2)dξdη

= −h

Ñe
∑

k=1

∫ 1

0

∫ 1−η

0






(
1

r
− b)ϕ̃i

∂ϕ̃j

∂ξ






dξdη. (4.22)

where Ω1 : r = ri + hξ , Ω2 : r = ri − hξ and Ñe is number of reference element.

For a fixed j, we have 7 cases for i, i, j = 1, 2, . . . , 100.

Interior nodes

case 1 : i = j

A3 =

∫ 1

0

∫ 1−η

0
(−h)[(((

1

(ri + hξ)
)− b)λ̃1

∂λ̃1

∂ξ
) + (((

1

(ri − hξ)
)− b)λ̃3

∂λ̃3

∂ξ
)

+ (((
1

(ri−1 + hξ)
)− b)λ̃2

∂λ̃2

∂ξ
) + (((

1

(ri − hξ)
)− b)λ̃1

∂λ̃1

∂ξ
)

+ (((
1

(ri + hξ)
)− b)λ̃3

∂λ̃3

∂ξ
) + (((

1

(ri+1 − hξ)
)− b)λ̃2

∂λ̃2

∂ξ
)] dξdη

= h

∫ 1

0

∫ 1−η

0
[((

1

(ri + hξ)
)− b)(1− ξ − η)− ((

1

(ri−1 + hξ)
)− b)ξ

+ ((
1

(ri − hξ)
)− b)(1 − ξ − η)− ((

1

(ri+1 − hξ)
)− b)ξ] dξdη

= h[â− d+ f − e] .



80

case 2 : i = j − 1

A3 =

∫ 1

0

∫ 1−η

0
(−h)[(((

1

(ri + hξ)
)− b)λ̃1

∂λ̃2

∂ξ
) + (((

1

(ri+1 − hξ)
)− b)λ̃2

∂λ̃1

∂ξ
)] dξdη

= h

∫ 1

0

∫ 1−η

0
[((

1

(ri+1 − hξ)
)− b)ξ − ((

1

(ri + hξ)
)− b)(1 − ξ − η)] dξdη

= h[e − â] .

case 3 : i = j + 1

A3 =

∫ 1

0

∫ 1−η

0
(−h)[(((

1

(ri−1 + hξ)
)− b)λ̃2

∂λ̃1

∂ξ
) + (((

1

(ri+1 − hξ)
)− b)λ̃1

∂λ̃2

∂ξ
)] dξdη

= h

∫ 1

0

∫ 1−η

0
[((

1

(ri−1 + hξ)
)− b)ξ − ((

1

(ri − hξ)
)− b)(1 − ξ − η)] dξdη

= h[b̂− f ] .

case 4 : i = j − n

A3 =

∫ 1

0

∫ 1−η

0
(−h)[(((

1

(ri + hξ)
)− b)λ̃1

∂λ̃3

∂ξ
) + (((

1

(ri − hξ)
)− b)λ̃3

∂λ̃1

∂ξ
)] dξdη

= h

∫ 1

0

∫ 1−η

0
[((

1

(ri − hξ)
)− b)η] dξdη = h[g] .



81

case 5 : i = j − n+ 1

A3 =

∫ 1

0

∫ 1−η

0
(−h)[(((

1

(ri−1 + hξ)
)− b)λ̃2

∂λ̃3

∂ξ
) + (((

1

(ri − hξ)
)− b)λ̃3

∂λ̃2

∂ξ
)] dξdη

= h

∫ 1

0

∫ 1−η

0
[((

1

(ri − hξ)
)− b)η] dξdη = h[−g] .

case 6 : i = j + n

A3 =

∫ 1

0

∫ 1−η

0
(−h)[(((

1

(ri + hξ)
)− b)λ̃3

∂λ̃1

∂ξ
) + (((

1

(ri − hξ)
)− b)λ̃1

∂λ̃3

∂ξ
)] dξdη

= h

∫ 1

0

∫ 1−η

0
[((

1

(ri + hξ)
)− b)η] dξdη = h[c] .

case 7 : i = j + n− 1

A3 =

∫ 1

0

∫ 1−η

0
(−h)[(((

1

(ri + hξ)
)− b)λ̃3

∂λ̃2

∂ξ
) + (((

1

(ri+1 − hξ)
)− b)λ̃2

∂λ̃3

∂ξ
)] dξdη

= −h

∫ 1

0

∫ 1−η

0
[((

1

(ri + hξ)
)− b)η] dξdη = h[−c] .
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This gives the matrix A3 has the form,

A3 = h























































C B 0 0 0 0 0 0 0 0

G D B 0 0 0 0 0 0 0

0 G D B 0 0 0 0 0 0

0 0 G D B 0 0 0 0 0

0 0 0 G D B 0 0 0 0

0 0 0 0 G D B 0 0 0

0 0 0 0 0 G D B 0 0

0 0 0 0 0 0 G D B 0

0 0 0 0 0 0 0 G D B

0 0 0 0 0 0 0 0 G E























































100×100

,

where

C =

























â −â 0 0 0 0 0 0 0 0

b̂ (â + d) −â 0 0 0 0 0 0 0

0 b̂ (â + d) −â 0 0 0 0 0 0

0 0 b̂ (â + d) −â 0 0 0 0 0

0 0 0 b̂ (â + d) −â 0 0 0 0

0 0 0 0 b̂ (â + d) −â 0 0 0

0 0 0 0 0 b̂ (â + d) −â 0 0

0 0 0 0 0 0 b̂ (â + d) −â 0

0 0 0 0 0 0 0 b̂ (â + d) −â

0 0 0 0 0 0 0 0 b̂ −d

























10×10

,

B =

























0 0 0 0 0 0 0 0 0 0

−g g 0 0 0 0 0 0 0 0

0 −g g 0 0 0 0 0 0 0

0 0 −g g 0 0 0 0 0 0

0 0 0 −g g 0 0 0 0 0

0 0 0 0 −g g 0 0 0 0

0 0 0 0 0 −g g 0 0 0

0 0 0 0 0 0 −g g 0 0

0 0 0 0 0 0 0 −g g 0

0 0 0 0 0 0 0 0 −g g

























10×10

,

G =

























c −c 0 0 0 0 0 0 0 0

0 c −c 0 0 0 0 0 0 0

0 0 c −c 0 0 0 0 0 0

0 0 0 c −c 0 0 0 0 0

0 0 0 0 c −c 0 0 0 0

0 0 0 0 0 c −c 0 0 0

0 0 0 0 0 0 c −c 0 0

0 0 0 0 0 0 0 c −c 0

0 0 0 0 0 0 0 0 c −c

0 0 0 0 0 0 0 0 0 0

























10×10

,
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D =

























(â − e) (e − â) 0 0 0 0 0 0 0 0

(b̂ − f) U (e − â) 0 0 0 0 0 0 0

0 (b̂ − f) U (e − â) 0 0 0 0 0 0

0 0 (b̂ − f) U (e − â) 0 0 0 0 0

0 0 0 (b̂ − f) U (e − â) 0 0 0 0

0 0 0 0 (b̂ − f) U (e − â) 0 0 0

0 0 0 0 0 (b̂ − f) U (e − â) 0 0

0 0 0 0 0 0 (b̂ − f) U (e − â) 0

0 0 0 0 0 0 0 (b̂ − f) U (e − â)

0 0 0 0 0 0 0 0 (b̂ − f) (f − d)

























10×10

,

where U = (â− e+ f − d)

E =

























−e e 0 0 0 0 0 0 0 0

−f (f − e) e 0 0 0 0 0 0 0

0 −f (f − e) e 0 0 0 0 0 0

0 0 −f (f − e) e 0 0 0 0 0

0 0 0 −f (f − e) e 0 0 0 0

0 0 0 0 −f (f − e) e 0 0 0

0 0 0 0 0 −f (f − e) e 0 0

0 0 0 0 0 0 −f (f − e) e 0

0 0 0 0 0 0 0 −f (f − e) e

0 0 0 0 0 0 0 0 −f f

























10×10

.

such that

â =

∫

1

0

∫

1−η

0

(
1

(ri + hξ)
) − b)(1 − ξ − η) dξdη,

d =

∫

1

0

∫

1−η

0

(
1

(ri−1 + hξ)
) − b)ξ dξdη,

f =

∫

1

0

∫

1−η

0

(
1

(ri − hξ)
) − b)(1 − ξ − η) dξdη,

e =

∫

1

0

∫

1−η

0

(
1

(ri+1 − hξ)
) − b)ξ dξdη,

b̂ =

∫

1

0

∫

1−η

0

(
1

(ri−1 + hξ)
) − b)ξ dξdη,

g =

∫

1

0

∫

1−η

0

(
1

(ri − hξ)
) − b)η dξdη,

c =

∫

1−η

0

(
1

(ri + hξ)
) − b)η dξdη.

The matrix A4 can be determined as

A4 =

∫

Ω
[(
1

r2
+

b

r
)ϕiϕj ] dΩ =

∫∫

Ω
[(
1

r2
+

b

r
)ϕiϕj ] drdz, (4.23)

After the transformation, we have

A4 = h2
Ñe
∑

k=1

∫ 1

0

∫ 1−η

0
[(
1

r2
+

b

r
)ϕ̃iϕ̃j ] dξdη. (4.24)



84

where Ω1 : r = ri + hξ , Ω2 : r = ri − hξ and Ñe is number of reference element.

For a fixed j, we have 7 cases for i, i, j = 1, 2, . . . , 100.

Interior nodes

case 1 : i = j

A4 =

∫ 1

0

∫ 1−η

0
(h2)[((

1

(ri + hξ)2
+

b

(ri + hξ)
)λ̃1λ̃1) + ((

1

(ri − hξ)2
+

b

(ri − hξ)
)λ̃3λ̃3)

+ ((
1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)λ̃2λ̃2) + ((

1

(ri − hξ)2
+

b

(ri − hξ)
)λ̃1λ̃1)

+ ((
1

(ri + hξ)2
+

b

(ri + hξ)
)λ̃3λ̃3) + ((

1

(ri+1 − hξ)2
+

b

(ri − hξ)
)λ̃2λ̃2)] dξdη

= h2
∫ 1

0

∫ 1−η

0
[(

1

(ri + hξ)2
+

b

(ri + hξ)
)(1− ξ − η)2 + (

1

(ri − hξ)2
+

b

(ri − hξ)
)(η)2

+ (
1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)(ξ)2 + (

1

(ri − hξ)2
+

b

(ri − hξ)
)(1− ξ − η)2

+ (
1

(ri + hξ)2
+

b

(ri + hξ)
)(η)2 + (

1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)(ξ)2] dξdη

= (h2)[â+ b̂+ c+ d+ f + g] .

case 2 : i = j − 1



85

A4 =

∫ 1

0

∫ 1−η

0
(h2)[((

1

(ri + hξ)2
+

b

(ri + hξ)
)λ̃1λ̃2) + ((

1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)λ̃2λ̃1)] dξdη

= h2
∫ 1

0

∫ 1−η

0
[(

1

(ri + hξ)2
+

b

(ri + hξ)
)(1− ξ − η)(ξ)

+ (
1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)(ξ)(1 − ξ − η)] dξdη

= (h2)[k + l̂] .

case 3 : i = j + 1

A4 =

∫ 1

0

∫ 1−η

0
(h2)[((

1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)λ̃2λ̃1) + ((

1

(ri − hξ)2
+

b

(ri − hξ)
)λ̃1λ̃2)] dξdη

= h2
∫ 1

0

∫ 1−η

0
[(

1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)(ξ)(1 − ξ − η)

+ (
1

(ri − hξ)2
+

b

(ri − hξ)
)(1− ξ − η)(ξ)] dξdη = (h2)[k̂ + l] .

case 4 : i = j − n

A4 =

∫ 1

0

∫ 1−η

0
(h2)[((

1

(ri + hξ)2
+

b

(ri + hξ)
)λ̃1λ̃3) + ((

1

(ri − hξ)2
+

b

(ri − hξ)
)λ̃3λ̃1)] dξdη

= h2
∫ 1

0

∫ 1−η

0
[(

1

(ri + hξ)2
+

b

(ri + hξ)
)(1− ξ − η)(η)

+ (
1

(ri − hξ)2
+

b

(ri − hξ)
)(η)(1 − ξ − η)] dξdη = (h2)[m̂+ n̂] .
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case 5 : i = j − n+ 1

A4 =

∫ 1

0

∫ 1−η

0
(h2)[((

1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)λ̃2λ̃3) + ((

1

(ri − hξ)2
+

b

(ri − hξ)
)λ̃3λ̃2)] dξdη

= h2
∫ 1

0

∫ 1−η

0
[(

1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)(ξη)

+ (
1

(ri − hξ)2
+

b

(ri − hξ)
)(ηξ)] dξdη = (h2)[s+ t] .

case 6 : i = j + n

A4 =

∫ 1

0

∫ 1−η

0
(h2)[((

1

(ri + hξ)2
+

b

(ri + hξ)
)λ̃3λ̃1) + ((

1

(ri − hξ)2
+

b

(ri − hξ)
)λ̃1λ̃3)] dξdη

= h2
∫ 1

0

∫ 1−η

0
[(

1

(ri + hξ)2
+

b

(ri + hξ)
)(η)(1 − ξ − η)

+ (
1

(ri − hξ)2
+

b

(ri − hξ)
)(1− ξ − η)(η)] dξdη = (h2)[m̂+ n̂] .

case 7 : i = j + n− 1

A4 =

∫ 1

0

∫ 1−η

0
(h2)[((

1

(ri + hξ)2
+

b

(ri + hξ)
)λ̃3λ̃2) + ((

1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)λ̃2λ̃3)] dξdη

= h2
∫ 1

0

∫ 1−η

0
[(

1

(ri + hξ)2
+

b

(ri + hξ)
)(ηξ) + (

1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)(ξη)] dξdη

= (h2)[q + r̂] .
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This gives the matrix A4 has the form,

A4 = h2























































C B 0 0 0 0 0 0 0 0

G D B 0 0 0 0 0 0 0

0 G D B 0 0 0 0 0 0

0 0 G D B 0 0 0 0 0

0 0 0 G D B 0 0 0 0

0 0 0 0 G D B 0 0 0

0 0 0 0 0 G D B 0 0

0 0 0 0 0 0 G D B 0

0 0 0 0 0 0 0 G D B

0 0 0 0 0 0 0 0 G E























































100×100

,

where

C =

























â k 0 0 0 0 0 0 0 0

k̂ (â + b̂ + c) k 0 0 0 0 0 0 0

0 k̂ (â + b̂ + c) k 0 0 0 0 0 0

0 0 k̂ (â + b̂ + c) k 0 0 0 0 0

0 0 0 k̂ (â + b̂ + c) k 0 0 0 0

0 0 0 0 k̂ (â + b̂ + c) k 0 0 0

0 0 0 0 0 k̂ (â + b̂ + c) k 0 0

0 0 0 0 0 0 k̂ (â + b̂ + c) k 0

0 0 0 0 0 0 0 k̂ (â + b̂ + c) k

0 0 0 0 0 0 0 0 k̂ b̂ + c

























10×10

,

B =

























m 0 0 0 0 0 0 0 0 0

(s + t) (m + n) 0 0 0 0 0 0 0 0

0 (s + t) (m + n) 0 0 0 0 0 0 0

0 0 (s + t) (m + n) 0 0 0 0 0 0

0 0 0 (s + t) (m + n) 0 0 0 0 0

0 0 0 0 (s + t) (m + n) 0 0 0 0

0 0 0 0 0 (s + t) (m + n) 0 0 0

0 0 0 0 0 0 (s + t) (m + n) 0 0

0 0 0 0 0 0 0 (s + t) (m + n) 0

0 0 0 0 0 0 0 0 (s + t) n

























10×10

,

G =

























m (q + r̂) 0 0 0 0 0 0 0 0

0 (m + n) (q + r̂) 0 0 0 0 0 0 0

0 0 (m + n) (q + r̂) 0 0 0 0 0 0

0 0 0 (m + n) (q + r̂) 0 0 0 0 0

0 0 0 0 (m + n) (q + r̂) 0 0 0 0

0 0 0 0 0 (m + n) (q + r̂) 0 0 0

0 0 0 0 0 0 (m + n) (q + r̂) 0 0

0 0 0 0 0 0 0 (m + n) (q + r̂) 0

0 0 0 0 0 0 0 0 (m + n) (q + r̂)

0 0 0 0 0 0 0 0 0 n

























10×10

,
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D =

























(â + f + g) (k + l̂) 0 0 0 0 0 0 0 0

(k̂ + l) U (k + l̂) 0 0 0 0 0 0 0

0 (k̂ + l) U (k + l̂) 0 0 0 0 0 0

0 0 (k̂ + l) U (k + l̂) 0 0 0 0 0

0 0 0 (k̂ + l) U (k + l̂) 0 0 0 0

0 0 0 0 (k̂ + l) U (k + l̂) 0 0 0

0 0 0 0 0 (k̂ + l) U (k + l̂) 0 0

0 0 0 0 0 0 (k̂ + l) U (k + l̂) 0

0 0 0 0 0 0 0 (k̂ + l) U (k + l̂)

0 0 0 0 0 0 0 0 (k̂ + l) (b̂ + c + d)

























10×10

,

where U = (â+ b̂+ c+ d)

E =

























f + g l̂ 0 0 0 0 0 0 0 0

l (d + f + g) l̂ 0 0 0 0 0 0 0

0 l (d + f + g) l̂ 0 0 0 0 0 0

0 0 l (d + f + g) l̂ 0 0 0 0 0

0 0 0 l (d + f + g) l̂ 0 0 0 0

0 0 0 0 l (d + f + g) l̂ 0 0 0

0 0 0 0 0 l (d + f + g) l̂ 0 0

0 0 0 0 0 0 l (d + f + g) l̂ 0

0 0 0 0 0 0 0 l (d + f + g) l̂

0 0 0 0 0 0 0 0 l d

























10×10

.

such that

â =

∫

1

0

∫

1−η

0

(
1

(ri + hξ)2
+

b

(ri + hξ)
)(1 − ξ − η)

2
dξdη,

b̂ =

∫

1

0

∫

1−η

0

(
1

(ri − hξ)2
+

b

(ri − hξ)
)(η)

2
dξdη,

c =

∫

1

0

∫

1−η

0

(
1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)(ξ)

2
dξdη,

d =

∫

1

0

∫

1−η

0

(
1

(ri − hξ)2
+

b

(ri − hξ)
)(1 − ξ − η)

2
dξdη,

f =

∫

1

0

∫

1−η

0

(
1

(ri + hξ)2
+

b

(ri + hξ)
)(η)

2
ξdη,

g =

∫

1

0

∫

1−η

0

(
1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)(ξ)

2
dξdη,

k =

∫

1

0

∫

1−η

0

(
1

(ri + hξ)2
+

b

(ri + hξ)
)(1 − ξ − η)(ξ) dξdη,

l̂ =

∫

1

0

∫

1−η

0

(
1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)(ξ)(1 − ξ − η) dξdη,

k̂ =

∫

1

0

∫

1−η

0

(
1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)(ξ)(1 − ξ − η) dξdη,

l =

∫

1

0

∫

1−η

0

(
1

(ri − hξ)2
+

b

(ri − hξ)
)(1 − ξ − η)(ξ) dξdη,

m̂ =

∫

1

0

∫

1−η

0

(
1

(ri + hξ)2
+

b

(ri + hξ)
)(η)(1 − ξ − η) dξdη,
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such that

n̂ =

∫

1

0

∫

1−η

0

(
1

(ri − hξ)2
+

b

(ri − hξ)
)(1 − ξ − η)(η) dξdη,

s =

∫

1

0

∫

1−η

0

(
1

(ri−1 + hξ)2
+

b

(ri−1 + hξ)
)(ξη) dξdη,

t =

∫

1

0

∫

1−η

0

(
1

(ri − hξ)2
+

b

(ri − hξ)
)(ηξ) dξdη,

q =

∫

1

0

∫

1−η

0

[(
1

(ri + hξ)2
+

b

(ri + hξ)
)(ηξ) dξdη,

r̂ =

∫

1

0

∫

1−η

0

(
1

(ri+1 − hξ)2
+

b

(ri+1 − hξ)
)(ξη) dξdη.

The system becomes

AH̄ = 0,

[

Ai,j = A1(i,j) +A2(i,j) +A3(i,j) +A4(i,j)

]
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Observe that the boundary conditions (4.2) . H1,H2, . . . ,H10 and H10C+1,H10(C+1),

n = 1, 2, . . . , 100 and C = 1, 2, . . . , 8 and H91,H92, . . . ,H100 are known value. So we don’t

have to solve for H is known value.

The system becomes

AH̄ = F,

[

Ai,j

]
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where

HMC =





























H10C+2

H10C+3

.

.

.

H10C+9





























8×1

and fMC =





























f10C+2

f10C+3

.

.

.

f10C+9





























8×1

,

C = 1, 2, . . . , 8.

Here

f12 = f12 −A12,2H2 −A12,1H1 −A12,11H11,

f19 = f19 −A19,8H8 −A19,9H9 −A19,20H20 −A19,30H30,

f82 = f82 −A82,71H71 −A82,81H81 −A82,92H92,

f89 = f89 −A89,99H99 −A89,100H100 −A89,90H90,

Let i = 13, 14, 15, 16, 17, 18

fi = fi −Ai,(i−10)H(i−10) −Ai,(i−11)H(i−11),

Let i = 22, 32, 42, 52, 62, 72

fi = fi −Ai,(i−1)H(i−1) −Ai,(i−11)H(i−11),

Let i = 29, 39, 49, 59, 69, 79

fi = fi −Ai,(i+1)H(i+1) −Ai,(i+11)H(i+11) .
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4.2.1 Numerical Experiments

Numerical results of the magnetic field intensity from equation (4.1) are obtained by

using the Finite Element Method form triangular elements. There is a source providing

a DC voltage of direct current I = 1A and receiver on the ground surface which picks up

the signal from r = 10 to r = 190 m. The depth z start from the ground surface z = 0

to z = 180 m. The grid size h = 20 m. a and b are given constants . The magnetic field

intensity is computed by using MATLAB programing.

Consider for the case of an exponentially decreasing conductivity σ(r, z) = σ0e
(az+br)

when a < 0 and b = 0, the graphs of the relationship between magnetic field intensity

and spacing of source-receiver at various depths are plotted as shown in Figure 4.17 and

4.18.
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Figure 4.17: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0, a is varied and z is fixed (a) a = −0.0001 m−1 (b)

a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.
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From Figure 4.17 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1,

respectively, we can see that the values of magnetic field decrease exponentially as r and

z increase. The values of magnetic field decrease as a decreases.

(a) (b)

(c) (d)

Figure 4.18: Graphs of the relationship between magnetic field intensity and dis-

tance of receiver from source where b = 0, a varies from −0.0001, −0.001, −0.005

and −0.01 m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and

(d) z = 140 m.

From Figure 4.18 (a) to (d) represents the values of magnetic field which are plotted

against r whereas a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can

see that the values of magnetic fields where a = −0.0001,−0.001,−0.005 and −0.01 m−1

decrease exponentially as r increases and it has similar maner when z increases. Because

the values of magnetic field decrease to zero and have values near zero when z increases

as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.19.
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Figure 4.19: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0, (a) a = −0.0001 m−1 (b) a = −0.001

m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 4.19 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, the red color shows the area when the values of magnetic field is high and the

blue color shows the area when the values of magnetic field is low.
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Consider for the case of an exponentially increasing conductivity σ(r, z) = σ0e
(az+br)

where a > 0 and b = 0, the graphs of the relationship between magnetic field intensity

and spacing of source - receiver at various depths are plotted as shown in Figure 4.20 and

4.21.
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Figure 4.20: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0, a varies and z is fixed (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.20 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

we can see that the values of magnetic fields decrease exponentially as r and z increase.

The values of magnetic fields increase whereas a increases. The results agree to Tunnurak

et al. [12].
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(a) (b)

(c) (d)

Figure 4.21: Graphs of the relationship between magnetic field intensity and dis-

tance of receiver from source where b = 0, a varies from 0.0001, 0.001, 0.005 and

0.01 m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and (d)

z = 140 m.

From Figure 4.21 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can see

that the values of magnetic fields where a = 0.0001, 0.001, 0.005 and 0.01 m−1 decrease

exponentially as r increases and it has similar maner where z increases. Because the val-

ues of magnetic fields decrease to zero and has value near zero where z increases as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.22.
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Figure 4.22: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0, (a) a = 0.0001 m−1 (b) a = 0.001 m−1

(c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.22 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

the red color shows the area where the values of magnetic field is high and the blue color

shows the area when the values of magnetic field is low. The results agree to Tunnurak

et al. [12].
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Consider for the case of an exponentially decreasing conductivity σ(r, z) = σ0e
(az+br)

when a < 0 and b = −0.001, the graphs of the relationship between magnetic field

intensity and spacing of source - receiver at various depths are plotted as shown in Figure

4.23 and 4.24.
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Figure 4.23: Graphs of the magnetic field intensity via distance of receiver from

source where b = −0.001, a varies and z is fixed (a) a = −0.0001 m−1 (b)

a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 4.23 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1,

respectively, we can see that the values of magnetic field decrease exponentially as r and

z increase. The values of magnetic field decrease where a decreases.
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(a) (b)

(c) (d)

Figure 4.24: Graphs of the relationship between magnetic field intensity

and distance of receiver from source where b = −0.001, a varies from

−0.0001, −0.001, −0.005 and −0.01 m−1 as z is fixed. (a) z = 20 m (b)

z = 60 m (c) z = 100 m and (d) z = 140 m.

From Figure 4.24 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can

see that the values of magnetic fields where a = −0.0001,−0.001,−0.005 and −0.01 m−1

decrease exponentially as r increases and it has similar maner where z increases. Because

the values of magnetic field decrease to zero and have values near zero where z increases

as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.25.
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Figure 4.25: Contour graphs of magnetic field at different distances of receiver

from source and different depths where b = −0.001, (a) a = −0.0001 m−1 (b)

a = −0.001 m−1 (c) a = −0.005 m−1 and (d) a = −0.01 m−1.

From Figure 4.25 (a) to (d), when a = −0.0001,−0.001,−0.005 and −0.01 m−1, re-

spectively, the red color shows the area when the values of magnetic field is high and the

blue color shows the area when the values of magnetic field is low.
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Consider for the case of an exponentially increasing conductivity σ(r, z) = σ0e
(az+br)

when a > 0 and b = 0.001, the graphs of the relationship between magnetic field intensity

and spacing of source - receiver at various depths are plotted as shown in Figure 4.26 and

4.27.
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Figure 4.26: Graphs of the magnetic field intensity via distance of receiver from

source where b = 0.001, a varies and z is fixed (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.26 (a) to (d), when a = 0.0001, 0.001, 0.005 and 0.01 m−1, respectively,

we can see that the values of magnetic fields decrease exponentially as r and z increase.

The values of magnetic fields increase when a increases.
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(a) (b)

(c) (d)

Figure 4.27: Graphs of the relationship between magnetic field intensity and dis-

tance of receiver from source where b = 0.001, a varies from 0.0001, 0.001, 0.005

and 0.01 m−1 and z is fixed. (a) z = 20 m (b) z = 60 m (c) z = 100 m and (d)

z = 140 m.

From Figure 4.27 (a) to (d) represents the values of magnetic field which are plotted

against r where a varies and z is fixed at 20, 60, 100 and 140 m, respectively. We can see

that the values of magnetic fields where a = 0.0001, 0.001, 0.005 and 0.01 m−1 decrease

exponentially as r increases and it has similar maner where z increases. Because the val-

ues of magnetic fields decrease to zero and has value near zero where z increases as a varies.
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Contour graphs of the relationship between magnetic field and distance of receiver

from source at various depth are plotted as shown in Figure 4.28.
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Figure 4.28: Contour graphs of magnetic field at different distances of receiver from

source and different depths where b = 0.001, (a) a = 0.0001 m−1 (b) a = 0.001

m−1 (c) a = 0.005 m−1 and (d) a = 0.01 m−1.

From Figure 4.28 (a) to (d), when a = 0.01, 0.05, 0.1, 0.2 and 0.3 m−1, respectively,

the red color shows the area where the values of magnetic field is high and the blue color

shows the area where the values of magnetic field is low.
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4.2.2 Summarize

In this section, we present a mathematical model by using the Magnetometric

Resistivity Method with 2−dimensional continuously conductivity model as σ(r, z) =

σ0e
(az+br). The relationship between magnetic field and electric field is considered by

using the Maxwell’s equations. The magnetic field intensity is obtained by solving par-

tial differential equation. The solution are obtained by using triangular Finite Element

Method. MATLAB program is used to calculate and plot graph for the value of magnetic

field intensity. The behavior of magnetic field intensity will be performed at different

depths and locations. In our research, the behavior of magnetic field decreases to zero

when we increases the depth. As well as the case of increasing the space between source

- receiver, the magnetic field decreases to zero too. The values of a and b are important

role for the conduction of the ground and effect to the magnetic field quantities as well.

For the high conductive ground (a and b > 0), the response of magnetic field will be very

strong. In the opposite direction (a and b < 0), the response field will be very weak.



Chapter 5

Conclusions and Future Works

The aim of this thesis is to present a mathematical model by using the Magne-

tometric Resistivity Method with a 2−dimensional continuously conductivity model as

σ(r, z) = σ0e
(az+br). The relationship between magnetic field and electric field are con-

sidered by using Maxwell’s equations. The magnetic field intensity is obtained by solving

partial differential equation. The solution are obtained by using Finite Difference Method

and Finite Element Method. MATLAB program is used to calculate and plot graph for

the value of magnetic field intensity. The behavior of magnetic field intensity will be

performed at different depths and locations. In our research, the behavior of magnetic

field decreases to zero when the depth of soil increases. As well as the case of increasing

the space between source - receiver, the magnetic field decreases to zero too. The values

of a and b are important role for the conduction of the ground and effect to the magnetic

field quantities as well. For the high conductive ground (a and b > 0), the response of

magnetic field will be very strong. In the opposite direction (a and b < 0), the response

field will be very weak. The comparision of the quantities of magnetic computed by Fi-

nite Difference Method and Finite Element Method are similar. Since the magnetic field

intensity can be able to inform the location of the ore body under the ground and the

behaviour of magnetic field clearly performs very good relation to the conductive ground

therefore the research results are very useful in geophysical exploration because normally

we can measure magnetic field on the ground surface.

104



105

Even though the work presented in this thesis provides interesting idea about the

solution to the forward problems for the magnetic field response, the issues that we dealt

with suggest numerous avenues for possible extensions and future works. The following

outline is a list of interesting future directions that require further investigation:

1. Analytied solution should be developed.

2. Multiplyered earth model should be considered.

3. The inverse problem should be proposed.

4. The difference conductivity model should be considered.
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Publications

• Y. Khonkhem and S. Yooyuanyong, Finite Difference Magnetic Field Response of

a 2−Dimensional Continuously Conductive Ground, The 20th Annual Meeting in
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2015.

• Y. Khonkhem and S. Yooyuanyong, Finite Difference for Magnetic Field Response

from a Two−Dimensional Conductive Ground, Applied Mathematical Sciences, 10(3)

(2016) : 137− 150.
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