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Chapter 1

Introduction

Information media, such as communication systems and storage devices of

data, are not 100 percent reliable in practice because of noise or other forms

of introduced interference. The art of error correcting codes is a branch of

Mathematics that has been introduced to deal with this problem since 1960s.

Linear codes with Euclidean complementary dual have been studied in [7].

The characterization and properties of such codes were given. These codes

are interesting since they reach the maximum decoding capability of adder

channel [7]. Moreover, in some cases, such codes can be decoded faster than

other linear codes using nearest neighbor decoding. In [11], necessary and

sufficient conditions for cyclic codes to be Euclidean complementary dual have

been determined. Hermitian complementary dual cyclic codes over finite fields

have been characterized in [9]. Subfield linear codes and their duals under the

trace Hermitian inner product have been studied in [1] and [8]. Such codes have

an application in constructing quantum codes in [1] and references therein.

To the best of our knowledge, Hermitian complementary dual linear codes

and trace Hermitian complementary dual subfield linear codes have not been

well studied. Therefore, it is of natural interest to studied complementary dual

codes with respect to the Hermitian and trace Hermitian inner products.

In this thesis, we focus on Hermitian complementary dual linear codes and

trace Hermitian complementary dual subfield linear codes. Characterizations,
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properties, and constructions of such codes are studied.

The thesis is organized as follows: Some basic concepts and preliminary

results on complementary dual codes are recalled in Chapter 2. In Chapter

3, characterization of complementary dual codes with respect to the two in-

ner products are given. Some constructions and illustrative examples of such

complementary dual codes are established in Chapter 4.



Chapter 2

Preliminaries

In this chapter, we recall some basic properties of codes over finite fields and

introduce the dual of a code with respect to the inner product.

2.1 Codes and Duals

Let r and q = r2 be prime power integers and let Fr ⊊ Fq be finite fields.

Let Tr : Fq → Fr denote the trace map given by Tr(β) = β + βr. Some

properties of the trace map can be found in [4, Theorem 2.23]. For u =

(u1, u2, . . . , un) ∈ Fn
q , let u = (u1, u2, . . . , un), where a = ar for all a ∈ Fq. For

each matrix A=[aij] ∈ Mm,n(Fq), let A = [aij] and Tr(A) = [Tr(aij)].

Given u,v ∈ Fn
q , let wt(v) denote the Hamming weight of v and d(u,v)

denote the Hamming distance between u and v. A code of length n over Fq

is defined to be a nonempty subset C of Fn
q . The minimum distance d(C) is

given by

d(C) = min{d(u,v) | u,v ∈ C,u ̸= v}.

An [n, k]q linear code C is a k-dimensional Fq-subspace of Fn
q and an [n, k]q

code is called an [n, k, d]q linear code if its minimum distance is d. A k × n

matrix G over Fq is called a generator matrix for an [n, k, d]q linear code C if

the rows of G form a basis of C.

3
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For a general, not necessarily linear, code C ⊆ Fn
q , the notation (n,M =

|C|, d)q is commonly used. A code C is said to be an Fr-linear code over Fq if

C is a subspace of the Fr-vector space Fn
q . When r is clear from the context,

C is called a subfield linear code over Fq. It is not difficult to see that if C is

an Fr-linear code of length n over Fq, then |C| = rℓ for some 0 ≤ ℓ ≤ 2n and

dimFr(C) = ℓ. An ℓ× n matrix G over Fq is called a generator matrix for an

(n, rℓ, d)q Fr-linear code C if the rows of G form a basis of C as an Fr-vector

space.

Lemma 2.1.1. If q = r2 is an odd prime power, then there exists α ∈ Fq such

that α = −α.

Proof. Assume that q = r2 is an odd prime power. Since the trace function

φ : Fq → Fr defined by a 7→ a + ar is a surjective Fr-linear map, there exists

α ∈ ker(φ)\{0} such that φ(α) = 0. Hence, α = αr = −α as desired.

For u = (u1, u2, . . . , un) and v = (v1, v2, . . . , vn) in Fn
q , the inner products

between u and v are defined as follows:

1. ⟨u,v⟩E :=
∑n

i=1 uivi is the Euclidean inner product of u and v.

2. ⟨u,v⟩H :=
∑n

i=1 uivi = ⟨u,v⟩E is the Hermitian inner product of u and

v.

3. The trace Hermitian inner product are defined into two cases depending

on the field characteristic:

(a) For even q, ⟨u,v⟩TrH := Tr(⟨u,v⟩H).

(b) For odd q, ⟨u,v⟩TrH := Tr(α⟨u,v⟩H), where α ∈ Fq \ {0} is such

that α = −α.

The Euclidean dual (resp., Hermitian dual and trace Hermitian dual) of a
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code C is defined to be the set

C⊥E := {u ∈ Fn
q | ⟨u, c⟩E = 0 for all c ∈ C}

(resp., C⊥H := {u ∈ Fn
q | ⟨u, c⟩H = 0 for all c ∈ C}

C⊥TrH := {u ∈ Fn
q | ⟨u, c⟩TrH = 0 for all c ∈ C}).

A code C of length n over Fq is said to be Euclidean (resp., Hermitian and

trace Hermitian) complementary dual if C ∩C⊥E = {0} (resp., C ∩C⊥H = {0}

and C ∩ C⊥TrH = {0}).

Next proposition is straight forward from the definitions.

Proposition 2.1.2. Let C be a code of length n over Fq = Fr2. Then the

following statements hold.

i) If C is a linear code, then C is Euclidean complementary dual if and only

if

Fn
q = C ⊕ C⊥E .

ii) If C is a linear code, then C is Hermitian complementary dual if and only

if

Fn
q = C ⊕ C⊥H .

iii) If C is an Fr-linear code, then C is trace Hermitian complementary dual

if and only if

Fn
q = C ⊕ C⊥TrH .

The following properties of codes and their duals are discussed in [8, Chap-

ter 3].

Proposition 2.1.3. Let C be a code of length n over Fq = Fr2. Then the

following statements hold.

i) If C is a linear code, then
(
C⊥E

)⊥E = C and
(
C⊥H

)⊥H = C.

ii) If C is an Fr-linear code, then
(
C⊥TrH

)⊥TrH = C.
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Note that the properties
(
C⊥H

)⊥H = C and (C⊥E)⊥E = C do not need to

be true if C is not a linear code.

The following properties are a direct consequence of Proposition 2.1.3.

Corollary 2.1.4. Let C be a code of length n over Fq = Fr2. Then the

following statements hold.

i) If C is a linear code, then n = dimFq(C)+dimFq(C
⊥E) and n = dimFq(C)+

dimFq(C
⊥H).

ii) If C is an Fr-linear code, then 2n = dimFr(C) + dimFr(C
⊥TrH).

From Corollary 2.1.4, to study complementary duality of codes, we focus

on the Euclidean and Hermitian inner product if codes are linear, and the

trace Hermitian inner product if codes are Fr-linear over Fq.

For an [n, k]q code C, a parity check matrix for C is defined to be an

(n − k) × n matrix where rows form a basis of C⊥. The following results are

well known [5].

Theorem 2.1.5. If G = [Ik|A] is a generator matrix for an [n, k]q code C in

standard form, then H = [−AT |I(n−k)] is a parity check matrix for C.

Remark 2.1.6. If H is a parity check matrix for an [n, k]q linear code C ,

then H is a generator matrix for C⊥H.



Chapter 3

Characterization of

Complementary Dual Subfield

Linear Codes

The characterization and properties of Linear codes with Euclidean comple-

mentary dual have been established in [7]. In this chapter, characterizations of

Hermitian complementary dual linear codes and trace Hermitian complemen-

tary dual subfield linear codes are given in terms of orthogonal projections.

Definition 3.0.7. Let V be an inner product space over a field F. An F-

linear map T : V → V is called an F-orthogonal projection with respect to the

prescribed inner product ⟨·, ·⟩ if

i) T 2 = T , and

ii) ⟨u,v⟩ = 0 for all u ∈ Im(T ) and v ∈ ker(T ).

7
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3.1 Characterization of Hermitian Complemen-

tary Dual Linear Codes

The following property of Fq-orthogonal projection plays vital role in charac-

terizing Hermitian complementary dual linear codes over Fq

Lemma 3.1.1. Let C be a linear code of length n over Fq = Fr2 and let

T : Fn
q → Fn

q be an Fq-linear map. Then T is an Fq-orthogonal projection with

respect to the Hermitian inner product onto C if and only if

T (v) =

v if v ∈ C,

0 if v ∈ C⊥H .

Proof. Suppose that T : Fn
q → C is an Fq-orthogonal projection with respect

to the Hermitian inner product onto C. Let v ∈ C and u ∈ C⊥H . Since T is

onto C, C = Im(T). Then there exists x ∈ Fn
q such that T (x) = v. and v =

T (x) = T 2(x) = T (T (x)) = T (v). Since ⟨u,v⟩H = 0 for all v ∈ C = Im(T),

u ∈ ker(T). So T (u) = 0.

Conversely, assume that

T (v) =

v if v ∈ C,

0 if v ∈ C⊥H .

Sicne T is a function, C ∩ C⊥H = {0}. For each v ∈ Fn
q , it can be written

uniquely as v = u + w, where u ∈ C and w ∈ C⊥H . Then T (u) = u

and T (w) = 0. Hence, T 2(u) = T (T (u)) = T (u) and T 2(w) = T (T (w)) =

T (0) = 0 = T (w). It follows that T 2(v) = T (v) for all v ∈ Fn
q . Let u ∈ Im(T )

and v ∈ ker(T ). Then u ∈ C and T (v) = 0. It follows that v ∈ C⊥H and

⟨u,v⟩H = 0. Hence, Im(T) and ker(T) are orthogonal with respect to the

Hermitian inner product.

Corollary 3.1.2. Let C be a linear code of length n over Fq = Fr2 and let

T : Fn
q → Fn

q be an Fq-linear map. Then T is an Fq-orthogonal projection with
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respect to the Hermitian inner product onto C⊥H if and only if

T (v) =

v if v ∈ C⊥H ,

0 if v ∈ C.

Proof. Using arguments similar to those in Lemma 3.1.1.

The characterization of Hermitian complementary dual linear codes is given

as follows.

Lemma 3.1.3. Let C be a linear code of length n over Fq = Fr2. Then C

is Hermitian complementary dual if and only if there exists an Fq-orthogonal

projection with respect to the Hermitian inner product from Fn
q onto C.

Proof. Assume that ΠC is an Fq-orthogonal projection with respect to the

Hermitian inner product from Fn
q onto C. By Lemma 3.1.1, we have

ΠC(v) =

v if v ∈ C,

0 if v ∈ C⊥H .

Suppose that C is not Hermitian complementary dual. Then the exists u ̸= 0

such that u ∈ C ∩ C⊥H , i.e., u ∈ C and u ∈ C⊥H . It follows that 0 ≠ u =

ΠC(u) = 0, a contradiction. Therefore, C is Hermitian complementary dual.

Conversely, suppose C is Hermitian complementary dual. Let v ∈ Fn
q .

Then there exists a unique pair u ∈ C and w ∈ C⊥H such that v = u + w.

Defined a map ΠC : Fn
q → Fn

q by

ΠC(v) = u.

It is not difficult to verify that ΠC is a linear map such that

ΠC(z) =

z if z ∈ C,

0 if z ∈ C⊥H .

Hence, by Lemma 3.1.1, ΠC an Fq-orthogonal projection with respect to the

Hermitian inner product from Fn
q onto C.
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Corollary 3.1.4. Let C be a linear code of length n over Fq = Fr2. Then C

is Hermitian complementary dual if and only if there exists an Fq-orthogonal

projection with respect to the Hermitian inner product from Fn
q onto C⊥H.

Proof. Using arguments similar to those in Lemma 3.1.3.

Theorem 3.1.5. Let C be a linear code of length n over Fq = Fr2 with

generator matrix G. Then C is Hermitian complementary dual if and only if

GG
T is invertible.

In this case,
∏

C := G
T
(GG

T
)−1G is an Fq-orthogonal projection with

respect to the Hermitian inner product from Fn
q onto C.

Proof. Suppose that GG
T is a non-invertible matrix. Since GG

T is a k × k

matrix, we have rank(GG
T
) < k. It follows that

k = null(GG
T
) + rank(GG

T
) < null(GG

T
) + k.

Then null(GG
T
) > k − k = 0, i.e., {0} ⊊ ker(GG

T
). Then there exists

u ∈ ker(GG
T
) \ {0} ⊆ Fk

q . Hence, uGG
T
= 0 and uG ∈ C \ {0}.

Each v ∈ C can be written as v = u′G for some u′ ∈ Fk
q . Hence,

⟨uG,v⟩H = (uG)vT = (uG)(u′G)T = uGG
T
(u′)T = 0(u′)T = 0.

Therefore, uG ̸= 0 is also a vector in C⊥H . It follows that C ∩ C⊥H ̸= {0},

i.e., C is not Hermitian complementary dual.

Conversely, assume that GG
T is invertible. Let v ∈ Fn

q . If v ∈ C, then

there exists u ∈ Fk
q such that v = uG, and hence,

vG
T
(GG

T
)−1G = uGG

T
(GG

T
)−1G

= uIkG

= uG = v.

If v ∈ C⊥H , then vG
T
= 0, and hence,

vG
T
(GG

T
)−1G = 0(GG

T
)−1G = 0.
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Therefore, G
T
(GG

T
)−1G is an Fq-orthogonal projection with respect to the

Hermitian inner product from Fn
q onto C. Therefore, C is Hermitian comple-

mentary dual.

Example 3.1.6. Let C be a linear code of length 4 over F4 = {0, 1, α, α2 =

α + 1} with generator matrix G =

 1 0 α 0

0 1 1 α

. Since

GG
T
=

 1 0 α 0

0 1 1 α




1 0

0 1

α2 1

0 α2

 =

 1 + α3 α

α2 2 + α3

 =

 0 α

α2 1

 ,

we have det(GG
T
) = 1. Then GG

T is invertible, and hence, C is Hermitian

complementary dual by Theorem 3.1.5.

The characterization of Hermitian complementary dual linear codes can be

given in terms of the parity check matrix of the codes as well.

Corollary 3.1.7. Let C be a linear code of length n over Fq = Fr2 and let H

be a parity check matrix for C. Then C is Hermitian complementary dual if

and only if HHT is invertible.

In this case,
∏

C⊥H := HT (HHT )−1H is an Fq-orthogonal projection with

respect to the Hermitian inner product from Fn
q onto C⊥H.

Proof. First, we note that H is a generator matrix for C⊥H . Then the first

statement follows from Theorem 3.1.5 since C is Hermitian complementary

dual if and only if C⊥H is Hermitian complementary dual. Consequently,

HT (HHT )−1H is an Fq-orthogonal projection with respect to the Hermitian

inner product from Fn
q onto C⊥H .

Example 3.1.8. Let C be a linear code of length 4 over F4 = {0, 1, α, α2 =
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α + 1} with parity-check matrix H =

 α2 1 1 0

0 α2 0 1

. Since

HHT =

 α 1 1 0

0 α 0 1




α2 0

1 α2

1 0

0 1

 =

 1 α2

α 0

 ,

we have det(HHT ) = 1. Then HHT is invertible, and hence, C is Hermitian

complementary dual by Corollary 3.1.7.

3.2 Characterization of Complementary Dual

Subfield Linear Codes

Now, we focus on the characterization of trace Hermitian complementary dual

subfield linear codes.

Lemma 3.2.1. Let C be an Fr-linear code of length n over Fq = Fr2 and let

T : Fn
q → Fn

q be an Fr-linear map. Then T is an Fr-orthogonal projection with

respect to the trace Hermitian inner product onto C if and only if

T (v) =

v if v ∈ C,

0 if v ∈ C⊥TrH .

Proof. Using arguments similar to those in Lemma 3.1.1 and applying the

trace Hermitian inner product instead of the Hermitian inner product, the

statement is proved.

Corollary 3.2.2. Let C be an Fr-linear code of length n over Fq = Fr2 and

let T : Fn
q → Fn

q be an Fr-linear map. Then T is an Fr-orthogonal projection

with respect to the trace Hermitian inner product onto C⊥TrH if and only if

T (v) =

v if v ∈ C⊥TrH ,

0 if v ∈ C.
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Proof. Using arguments similar to those in Corollary 3.1.2 and applying the

trace Hermitian inner product instead of the Hermitian inner product, the

statement is proved.

Lemma 3.2.3. Let C be an Fr-linear code of length n over Fq = Fr2. Then

C is trace Hermitian complementary dual if and only if there exists an Fr-

orthogonal projection with respect to the trace Hermitian inner product from

Fn
q onto C.

Proof. Assume that ΛC is an Fr-orthogonal projection with respect to the

trace Hermitian inner product from Fn
q onto C. By Lemma 3.2.1, it follows

that

ΛC(v) =

v if v ∈ C,

0 if v ∈ C⊥TrH .

Suppose that C is not trace Hermitian complementary dual. Then there exists

u ̸= 0 such that u ∈ C ∩ C⊥TrH . It follows that 0 ̸= u = ΠC(u) = 0, a

contradiction. Hence, C is trace Hermitian complementary dual.

Conversely, suppose C is trace Hermitian complementary dual. Let v ∈ Fn
q .

Then there exists a unique pair u ∈ C and w ∈ C⊥TrH such that v = u +w.

Defined a map ΛC : Fn
q → Fn

q by

ΛC(v) = u.

It is not difficult to see that ΛC is an Fr-linear map such that

ΛC(z) =

z if z ∈ C,

0 if z ∈ C⊥TrH .

Hence, by Lemma 3.1.1, ΛC an Fr-orthogonal projection with respect to the

trace Hermitian inner product from Fn
q onto C.

Corollary 3.2.4. Let C be an Fr-linear code of length n over Fq = Fr2. Then

C is trace Hermitian complementary dual if and only if there exists an Fr-

orthogonal projection with respect to the trace Hermitian inner product from

Fn
q onto C⊥TrH.
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Proof. Using arguments similar to those in Lemma 3.2.3.

Theorem 3.2.5. Let C be an Fr-linear code of length n over Fq = Fr2 with

generator matrix G. Then C is trace Hermitian complementary dual if and

only if GG
T −GGT is invertible.

In this case, ΛC : Fn
q → C defined by

ΛC(v) =

Tr(vGT
)(GG

T −GGT )−1G if q is even,

α−1Tr(αvGT
)(GG

T −GGT )−1G if q is odd

is an Fr-orthogonal projection with respect to the trace Hermitian inner product

from Fn
q onto C, where α ∈ Fq \ {0} is such that α = −α.

Proof. Assume that GG
T −GGT is not invertible. We separate the proof into

two cases.

Case 1 q is even. Then Tr(GG
T
) = GG

T −GGT is invertible. Since Tr(GG
T
)

is a k × k matrix, we have rank(Tr(GG
T
)) < k. It follows that

k = null(Tr(GG
T
)) + rank(Tr(GG

T
)) < null(Tr(GG

T
)) + k.

Hence, null(Tr(GG
T
)) > k − k = 0, i.e., {0} ⊊ ker(Tr(GG

T
)). Then there

exists u ∈ ker(Tr(GG
T
)) \ {0} ⊆ Fk

r such that u(Tr(GG
T
)) = 0 and uG ∈

C \ {0}. Hence,

Tr(uGG
T
) = (uG)G

T − uGGT = u(Tr(GG
T
)) = 0.

Case 2 q is odd. Then Tr(αGG
T
) = α(GG

T − GGT ) is not invertible for all

α ∈ Fq \ {0} such that α = −α. Since Tr(αGG
T
) is a k × k matrix, we have

rank(Tr(αGG
T
)) < k and

k = null(Tr(αGG
T
)) + rank(Tr(αGG

T
))

< null(Tr(αGG
T
)) + k.

It follows that null(Tr(αGG
T
)) > k−k = 0, and hence, {0} ⊊ ker(Tr(αGG

T
)).

Then there exists u ∈ ker(Tr(αGG
T
))\{0} ⊆ Fk

r such that u(Tr(αGG
T
)) = 0
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and uG ∈ C \ {0}. We have

Tr(αuGG
T
) = α((uG)G

T − uGGT ) = u(Tr(αGG
T
)) = 0.

From both cases, uG is also a vector in C⊥TrH . It follows that C∩C⊥TrH ̸= {0}.

Therefore, C is not is trace Hermitian complementary dual.

Conversely, assume that GG
T − GGT is invertible. Let ΛC : Fn

q → C

defined by

ΛC(v) =

Tr(vGT
)(GG

T −GGT )−1G if q is even,

α−1Tr(αvGT
)(GG

T −GGT )−1G if q is odd.

Let v ∈ Fn
q . If v ∈ C, then there exists u ∈ Fk

r such that v = uG, and

hence,

ΛC(v) =

Tr(vGT
)(GG

T −GGT )−1G if q is even,

α−1Tr(αvGT
)(GG

T −GGT )−1G if q is odd,

=

Tr(uGG
T
)(GG

T −GGT )−1G if q is even,

α−1Tr(αuGG
T
)(GG

T −GGT )−1G if q is odd,

=

(uGG
T − uGGT )(GG

T −GGT )−1G if q is even,

α−1α(uGG
T − uGGT )(GG

T −GGT )−1G if q is odd,

= u(GG
T − uGGT )(GG

T −GGT )−1G

= uIkG

= uG

= v.

Assume that v ∈ C⊥TrH . Then

0 =

Tr(vGT
) if q is even,

Tr(αvGT
) if q is odd
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and

ΛC(v) =

Tr(vGT
)(GG

T −GGT )−1G if q is even,

α−1Tr(αvGT
)(GG

T −GGT )−1G if q is odd,

=

0(GG
T −GGT )−1G if q is even,

α−10(GG
T −GGT )−1G if q is odd,

= 0.

Hence, ΛC is an Fr-orthogonal projection with respect to the trace Hermitian

inner product from Fn
q onto C. Therefore, C is trace Hermitian complementary

dual.

Example 3.2.6. Let C be an F3-linear code of length 4 over F9 = F3(ω) where

ω is a root of x2 + 2x + 2 with generator matrix G =


1 0 ω3 0

0 1 2ω2 2

ω 0 ω4 0

0 ω 2ω3 2ω

.

Since

GG
T −GGT =


0 ω5 0 1

ω7 0 ω2 0

0 ω6 0 ω

1 0 ω3 0

−


0 ω7 0 1

ω5 0 ω6 0

0 ω2 0 ω3

1 0 ω 0



=


0 ω2 0 0

ω6 0 ω6 0

0 ω2 0 ω6

0 0 ω2 0

 ,

GG
T − GGT is invertible. Hence, by Theorem 3.2.8, C is trace Hermitian

complementary dual.

Example 3.2.7. Let C be an F2-linear code of length 4 over F4 = {0, 1, ω, ω2 =
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ω + 1} with generator matrix G =


1 0 ω 0

0 1 1 ω

ω 0 ω2 0

0 ω ω ω2

. Since

GG
T −GGT =


0 ω 0 1

ω2 1 ω ω2

0 ω2 0 ω

1 ω ω2 1

−


0 ω2 0 1

ω 1 ω2 ω

0 ω 0 ω2

1 ω2 ω 1



=


0 1 0 0

1 0 1 1

0 1 0 1

0 1 1 0

 ,

GG
T −GGT is invertible. Therefore, by Theorem 3.2.5, C is trace Hermitian

complementary dual.

Since C is trace Hermitian complementary dual if and only if C⊥TrH is trace

Hermitian complementary dual, we have the following corollary.

Corollary 3.2.8. Let C be an Fr-linear code of length n over Fq = Fr2 and let

H be a generator of C⊥TrH. Then C is trace Hermitian complementary dual if

and only if HH
T −HHT is invertible.

In this case, ΛC⊥TrH : Fn
q → C⊥TrH defined by

ΛC⊥TrH (v) =

Tr(vHT
)(HH

T −HHT )−1H if q is even,

α−1Tr(αvHT
)(HH

T −HHT )−1H if q is odd

is an Fr-orthogonal projection with respect to the trace Hermitian inner product

from Fn
q onto C⊥TrH, where α ∈ Fq \ {0} is such that α = −α.

Example 3.2.9. Let C be an F2-linear code of length 4 over F4 = {0, 1, ω, ω2 =
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ω + 1} such that H =


ω2 1 1 0

0 ω2 0 1

ω ω2 ω2 0

0 ω 0 ω2

 is a generator matrix for C⊥TrH.

Since

HH
T −HHT =


1 ω ω ω2

ω2 0 1 0

ω2 1 1 ω

ω 0 ω2 0

−


1 ω2 ω2 ω

ω 0 1 0

ω 1 1 ω2

ω2 0 ω 0



=


0 1 1 1

1 0 0 0

1 0 0 1

1 0 1 0

 ,

HH
T −HHT is invertible. Therefore, by Corollary 3.2.8, C is trace Hermitian

complementary dual.



Chapter 4

Constructions of

Complementary Dual Subfield

Linear Codes

In this chapter, some constructions of complementary dual codes with respect

to the Hermitian and trace Hermitian inner product are given.

4.1 Constructions of Hermitian Complemen-

tary Dual Linear Codes

It is well known that, for a given [n, k, d]q code, there exists an equivalent

code with the same parameters such that its generator matrix is of the form

G = [Ik A] for some k × (n − k) matrix over Fq. The generator matrix of

a linear code of this form plays an important role in constructing Hermitian

complementary dual codes.

Lemma 4.1.1 ([10, p. 13]). Let p be a positive integer. Then −1 is a quadratic

modulo p if p ≡ 1 mod 4.

Theorem 4.1.2. Let C be an [n, k, d] linear code of length n over Fq = Fr2

with generator matrix G = [Ik P ]. Then the following statement holds.

19
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i) If char(Fq) = 2, then a linear code C ′ with generator matrix G′ = [Ik P P ]

is Hermitian complementary dual with parameters [2n − k, k, d′]q, where

d′ ≥ d.

ii) If char(Fr) ≡ 1 mod 4, then there exists λ ∈ Fq such that λ2 = −1

and a linear code C ′ with generator matrix G′ = [Ik P λP ] is Hermitian

complementary dual with parameters [2n− k, k, d′]q, where d′ ≥ d.

Proof. i) Assume that char(Fq)= 2. Then

G′(G′)T = Ik + PP
T
+ PP

T
= Ik + 2PP

T
= Ik + 0 = Ik.

Therefore, G′G′T is invertible. The code C ′ generated by G′ is Hermitian

complementary dual by Theorem 3.1.5.

Since C is a linear code of length n, G has n columns. Note that P has

n−k columns. It follows that G′ = [Ik P P ] has k+(n−k)+(n−k) = 2n−k

columns. Hence, C ′ generated by G′ is a linear code of length 2n − k and

dimension k.

Next, we show that d(C ′) ≥ dmin. Let v ∈ C ′ \ {0}. Then there exists

u ∈ Fk
q \ {0} such that v = uG′ = [uIk uP uP ] Hence,

wt(v) = wt([uIk uP uP ])

≥ wt([uIk uP ])

= wt(u[Ik P ])

= wt(uG)

= d(uG) ≥ d(C) = d.

Therefore, d′ = d(C ′) ≥ d

ii) Assume that char(Fr) ≡ 1 mod 4. Then r = 4k + 1 for some integer k.
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By Lemma 4.1.1, there exists λ ∈ Fq such that λ2 = −1. Then

G′(G′)T = Ik + PP
T
+ λr+1PP

T

= Ik + PP
T
+ λ4k+1+1PP

T

= Ik + PP
T
+ λ2(2k+1)PP

T

= Ik + PP
T
+ (−1)PP

T

= Ik

Therefore, G′G′T is invertible. Hence, by Theorem 3.1.5, C ′ generated by G′

is Hermitian complementary dual.

Similar to i), we can prove that a code C ′ generated by G′ has length 2n−k

dimension k and d′ = d′(C ′) ≥ d.

Example 4.1.3. Let C be a linear code of length 4 over F4 = {0, 1, ω, ω2 =

ω+1} with the generator matrix G =

 1 0 ω 0

0 1 1 ω

. Then C is an [4, 2, 2]4

code. By theorem 4.1.2, a code generated by G′ =

 1 0 ω 0 ω 0

0 1 1 ω 1 ω

 is

Hermitian complementary dual with parameters [6, 2, 3]4.

Example 4.1.4. Let C be a linear code of length 4 over F25 = F5(ω) where

ω is a root of x2 + 4x+ 2 with the generator matrix G =

 1 0 ω22 ω5

0 1 ω19 ω22


and 22 ≡ −1 mod 5. By Theorem 4.1.2, a linear code C ′ generated by

G′ =

 1 0 ω22 ω5 2ω22 2ω5

0 1 ω19 ω22 2ω19 2ω22

 is Hermitian complementary dual with

parameters [6, 2, 5]25.

For i ∈ {1, 2}, let Ci be an [ni, ki, di]q code. Then their �direct sum C1 ⊕

C2 = {(c1, c2)|c1 ∈ C1, c2 ∈ C2} is an [n1 + n2, k1 + k2,min{d1, d2}]q code (For

detail please see [5]).

If Ci has generator matrix Gi and parity check matrix Hi, then

G1 ⊕G2 :=

 G1 0

0 G2

 and H1 ⊕H2 :=

 H1 0

0 H2
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are generator and parity check matrices for C1 ⊕ C2, respectively. The direct

sum construction can be applied to obtain Hermitian complement dual codes

as follows.

Proposition 4.1.5. If C1 and C2 are Hermitian complementary dual with

parameters [n1, k1, d1]q and [n2, k2, d2]q with generator matrix G1 and G2 re-

spectively, then their direct sum C1⊕C2 is Hermitian complementary dual with

parameters [n1 + n2, k1 + k2,min{d1, d2}]q.

Proof. Assume that C1 and C2 are Hermitian complementary dual. Then

(G1 ⊕G2)(G1 ⊕G2)
T =

 G1G1
T

0

0 G2G2
T


is invertible because C1 and C2 are Hermitian complementary dual so that

G1G1
T and G2G2

T are invertible. Therefore, C1 ⊕ C2 is Hermitian comple-

mentary dual by Theorem 3.1.5.

Example 4.1.6. Let C1 and C2 be Hermitian complementary dual over F4 =

{0, 1, ω, ω2 = ω + 1} with parameters [4, 2, 2]4 and [4, 2, 2]4 and the generator

matrices G1 =

 1 0 ω 0

0 1 1 ω

 and G2 =

 1 0 ω 1

0 1 1 0

 respectively. Then

G1⊕G2 =


1 0 ω 0 0 0 0 0

0 1 1 ω 0 0 0 0

0 0 0 0 1 0 ω 1

0 0 0 0 0 1 1 0

 is a generator matrix for C1⊕C2. By

Proposition 4.1.5, C1 ⊕ C2 is Hermitian complementary dual with parameters

[8, 4, 2]4.

Similar to the direct sum construction, two linear codes of the same length

can be combined to form a third code of double in length, namely, (u|u+ v)

construction. Let Ci be an [n, ki, di]q code for i ∈ {1, 2}. The (u|u + v)

construction [5] produces an [2n, k1 + k2,min{2d1, d2}]q code

C = {(u,u+ v)|u ∈ C1,v ∈ C2}.
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If Ci has a generator matrix Gi and a parity check matrix Hi, then generator

and parity check matrices H for C are

G =

 G1 G1

0 G2

 and H =

 H1 0

−H2 H2

 ,

respectively.

The (u|u + v) construction can be applied to obtain Hermitian comple-

mentary dual linear codes as follows.

Proposition 4.1.7. Let C1 and C2 be linear codes over Fq where char(Fq) =

2 with parameters [n, k1, d1]q and [n, k2, d2]q, respectively. If C2 ∩ C⊥H
1 is

Hermitian complementary dual and C1 ∩ C⊥H
2 = {0}, then C = {(u,u +

v)|u ∈ C1,v ∈ C2} is Hermitian complementary dual with parameters [2n, k1+

k2,min{2d1, d2}]q.

Proof. Assume that C2∩C⊥H
1 is Hermitian complementary dual and C1∩C⊥H

2 =

{0}. Let C = {(u,u+ v)|u ∈ C1,v ∈ C2} and D = {(a, b)|a+ b ∈ C⊥H
1 , b ∈

C⊥H
2 }. We show that D = C⊥H . Let (a, b) ∈ D and (u,u+ v) ∈ C. Then

⟨(a, b), (u,u+ v)⟩H = ⟨a,u⟩H + ⟨b,u+ v⟩H

= ⟨a,u⟩H + ⟨b,u⟩H + ⟨b,v⟩H

= ⟨a+ b,u⟩H + ⟨b,v⟩H

= 0 + 0 = 0.

It follows that D ⊆ C⊥H . From the definition of D, we have D = {(c−b, b)|c ∈

C⊥H
1 , b ∈ C⊥H

2 }. Let φ : C⊥H
1 ⊕ C⊥H

2 → D be defined by φ(a, b) = (a − b, b).

Then φ is a surjective linear map.

Next, we show that φ is injective. Let c1, c2 ∈ C⊥H
1 and d1,d2 ∈ C⊥H

2 .

Assume that (c1 − d1,d1) = (c2 − d2,d2). Then d1 = d2 and c1 − d1 =

c2−d2 = c2−d1 which implies that c1 = c2. We have (c1,d1) = (c2,d2), i.e.,

φ is injective. Therefore, φ is a bijection. Thus, dim(D) = n− k1 + n− k2 =

2n − (k1 + k2). Since dim(C⊥H) = 2n − (k1 + k2) and D ⊆ C⊥H , we have

D = C⊥H .
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Next, we show that C∩C⊥H = {0}. Let (a, b) ∈ C∩C⊥H . Since (a, b) ∈ C,

we have a ∈ C1 and a+ b = b−a ∈ C2. Since (a, b) ∈ C⊥H , we have a+ b ∈

C⊥H
1 and b ∈ C⊥H

2 . Then a+b ∈ C⊥H
1 ∩C2 = (C1+C⊥H

2 )⊥H . Since a ∈ C1 and

b ∈ C⊥H
2 , we have a+b ∈ C1+C⊥H

2 . Thus a+b ∈ (C1+C⊥H
2 )∩(C1+C⊥H

2 )⊥H .

Since C2 ∩ C⊥H
1 = (C1 + C⊥H

2 )⊥H is Hermitian complementary dual, it follows

that a + b = 0 and a = b ∈ C1 ∩ C⊥H
2 = {0}. Hence, a = b = 0. Therefore,

C is Hermitian complementary dual.

Example 4.1.8. Let C1 and C2 be linear codes over F4 = {0, 1, ω, ω2 =

ω + 1} with parameters [4, 1, 2]4 and [4, 2, 3]4 and generator matrices G1 =[
1 0 ω 0

]
and G2 =

 1 0 1 ω

0 1 ω ω

 , respectively. Then C2 ∩ C⊥H
1 is

Hermitian complementary dual and C1∩C⊥H
2 = {0}. Therefore, C = {(u,u+

v)|u ∈ C1,v ∈ C2} is Hermitian complementary dual with parameters [8, 3, 3]4,

by Proposition 4.1.7.

4.2 Constructions of Complementary Dual Sub-

field Linear Codes

Given an (n, rℓ, d)q Fr-linear code C over Fq=r2 = Fr(ω), a generator matrix

of C is an ℓ×n matrix over Fq. In [1], using elementary row operations, there

exists an equivalent Fr-linear code with the same parameters such that its

generator matrix is of the form

G =


Ik A

ωIk ωA

0 B


for some nonnegative integer k ≤ ℓ

2
, k × (n − k) matrix A over Fq, and (ℓ −

2k)×(n−k) matrix B over Fq, where 0 denotes the (ℓ− 2k)× k matrix whose

entries are 0. Construction of trace Hermitian complementary dual codes are

given via the generator matrix of this form.
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Theorem 4.2.1. Let C be an (n, rℓ, d)q Fr-linear code over Fq=r2 = Fr(ω)

with generator matrix

G =


Ik A

ωIk ωA

0 B


such that BB

T − BBT is invertible, for some non-negative integer k. Then

the following statements hold.

i) If char(Fq) = 2, then an Fr-linear code C ′ with generator matrix

G′ =


Ik A A 0

ωIk ωA ωA 0

0 B B B


is trace Hermitian complementary dual with parameters (3n− 2k, rℓ, d′)q,

where d′ ≥ d.

ii) If char(Fq) = 2, then an Fr-linear code C ′ with generator matrix

G′ =


Ik A A

ωIk ωA ωr+1A

0 B ω−1B


such that AAT = AA

T . C ′ is trace Hermitian complementary dual with

parameters (2n− k, rℓ, d′)q, where d′ ≥ d.

iii) If char(Fr) ≡ 1 mod 4, then there exists λ ∈ Fq such that λ2 = −1 and

an Fr-linear code C ′ with generator matrix

G′ =


Ik A λA 0

ωIk ωA λωA 0

0 B λB B


is trace Hermitian complementary dual with parameters (3n− 2k, rℓ, d′)q,

where d′ ≥ d.
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iv) If char(Fr) ≡ 1 mod 4, then there exists λ ∈ Fq such that λ2 = −1 and

an Fr-linear code C ′ with generator matrix

G′ =


Ik A λA

ωIk ωA λωr+1A

0 B λω−1B


such that AAT = AA

T . C ′ is trace Hermitian complementary dual with

parameters (2n− k, rℓ, d′)q, where d′ ≥ d.

Proof. In cases i)− iv), the parameters can be verified using argument similar

to those in Theorem 4.1.2.

Next, we show that C ′ is trace Hermitian complementary dual.

i) Assume that char(Fq)= 2. Then

G′G′T =


Ik ωIk 0

ωIk ωr+1Ik 0

0 0 BB
T

 .

It follows that

G′G′T −G′G′T =


0 (ω + ω)Ik 0

(ω + ω)Ik 0 0

0 0 BB
T −BBT

 .

Since BB
T−BBT is invertible, G′G′T−G′G′T is nonsingular. By Theorem

3.2.5, C ′ generated by G′ is trace Hermitian complementary dual.

ii) Assume that char(Fq)= 2. Then we have G′G′T as in (4.1). It follows

that the matrix GG′T −G′G′T is of the form (4.2). Since BB
T −BBT is

invertible, G′G′T −G′G′T is nonsingular. By Theorem 3.2.5, C ′ generated

by G′ is trace Hermitian complementary dual.
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iii) Assume that char(Fr) ≡ 1 mod 4. Then r = 4k + 1 for some positive

integer k. By Lemma 4.1.1, there exists λ ∈ Fq such that λ2 = −1. Then

λr+1 = λ2(2k+1) = −1, and hence, we get that G′G′T is of the form (4.3).

Consequently, we have

G′G′T −G′G′T =


0 (ω + ω)Ik 0

(ω + ω)Ik 0 0

0 0 BB
T −BBT


which is invertible if and only if BB

T − BBT is invertible. Therefore,

the code C ′ generated by G′ is trace Hermitian complementary dual by

Theorem 3.2.5.

iv) Assume that char(Fr) ≡ 1 mod 4. Then r = 4k + 1 for some positive

integer k. By Lemma 4.1.1, there exists λ ∈ Fq such that λ2 = −1.

Then λr+1 = λ2(2k+1) = −1, and hence, we get that G′G′T is of the form

(4.4). It follows that G′G′T − G′G′T in (4.5) is invertible if and only if

BB
T −BBT is invertible. Therefore, the code C ′ generated by G′ is trace

Hermitian complementary dual by Theorem 3.2.5.
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+
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+
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+
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+
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(1
+
λ
r
+
1
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+
B
B
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ω
I k

0

ω
I k

ω
r
+
1
I k

0

0
0

B
B

T

    .(
4.

3)
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G
′ G

′T
=

    I k
+
(1

+
λ
r
+
1
ω
r
+
1
)A

A
T

ω
I k

+
(ω

+
λ
r
+
1
ω
2
r
+
1
)A

A
T

0

ω
I k

+
(ω

+
λ
r
+
1
ω
r
+
2
)A

A
T

ω
r
+
1
I k

+
(ω

r
+
1
+
λ
r
+
1
ω
2
r
+
2
)A

A
T

0

0
0

B
B

T
+
λ
r
+
1
ω
−
(r
+
1
) )
B
B

T

    .
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.4
)

G
′ G

′T
−
G

′ G
′T

=

    
0

(ω
−
ω
)I

k
+
(ω

−
ω
2
r
+
1
−

ω
+
ω
r
+
2
)A

A
T

0

(ω
−

ω
)I

k
+
(ω

−
ω
r
+
2
−

ω
+
ω
2
r
+
1
)A

A
T

0
0

0
0

(ω
−
(r
+
1
)
−

1)
(B

B
T
−
B
B

T
)

    
(4

.5
)
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Example 4.2.2. Let C be an F2-linear code of length 4 over F4 = {0, 1, ω, ω2 =

ω + 1} with the generator matrix G =



1 0 ω 0

0 1 0 ω

ω 0 ω2 0

0 ω 0 ω2

0 0 1 ω

0 0 ω2 1


. Then C is a

(4, 26, 2)4 F2-linear code.

Since 1 ω

ω2 1

 1 ω

ω2 1

−

 1 ω2

ω 1

 1 ω2

ω 1

 =

 ω + ω 0

0 ω + ω


is invertible, the F2-linear code C ′ generated by

G′ =



1 0 ω 0 ω 0 0 0

0 1 0 ω 0 ω 0 0

ω 0 ω2 0 ω2 0 0 0

0 ω 0 ω2 0 ω2 0 0

0 0 1 ω 1 ω 1 ω

0 0 ω2 1 ω2 1 ω2 1


is trace Hermitian complementary dual with parameters (8, 26, d(C ′) ≥ 2)4 by

Theorem 4.2.1. By direct calculation, we have d(C ′) = 3.

Example 4.2.3. Let C be an F2-linear code of length 4 over F4 = {0, 1, ω, ω2 =

ω + 1} with the generator matrix G =



1 0 ω 0

0 1 0 ω

ω 0 ω2 0

0 ω 0 ω2

0 0 1 ω

0 0 ω2 1


. Then C is a

(4, 26, 2)4 F2-linear code.
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Since 1 ω

ω2 1

 1 ω

ω2 1

−

 1 ω2

ω 1

 1 ω2

ω 1

 =

 ω + ω 0

0 ω + ω


is invertible and ω2 0

0 ω2

 ω 0

0 ω

 =

 ω 0

0 ω

 ω2 0

0 ω2

 ,

the F2-linear code C ′ generated by

G′ =



1 0 ω 0 ω 0

0 1 0 ω 0 ω

ω 0 ω2 0 ω 0

0 ω 0 ω2 0 ω

0 0 1 ω ω−1 1

0 0 ω2 1 ω ω−1


is trace Hermitian complementary dual with parameters (6, 26, d(C ′) ≥ 2)4 by

Theorem 4.2.1. By direct calculation, we have d(C ′) = 2.
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