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                       Due to their wide applications, hulls of linear codes have been of interest and 

extensively studied. In this thesis, bounds on the parameters and constructions of optimal linear 

codes with hull dimension one over small finite fields have been focused on. For all positive 

integers 𝑛 ≥ 3  and 𝑞 ∈ {2,3}, optimal linear  [𝑛, 2, 𝑑]𝑞 codes with Euclidean hull dimension 

one are constructed. Moreover, for 𝑞 = 2, the enumeration of such optimal codes is given up to 

equivalence. For all lengths 𝑛 ≥ 3  such that 𝑛 ≡ 1, 2, 4 (mod 5) , optimal quaternary linear 

[𝑛, 2]4  codes with Hermitial hull dimension one are constructed. For positive integers 𝑛 ≡

0, 3 (mod 5), good lower and upper bounds on the minimum weight of quaternary [𝑛, 2, 𝑑]4 

codes with Hermitian hull dimension one are given as well as some illustrative examples.  
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T2 = {(2t− 1, 2t+ 2, 2t+ 2), (2t+ 1, 2t, 2t+ 2), (2t+ 1, 2t+ 2, 2t)},

T3 = {(2t, 2t+ 1, 2t+ 2), (2t+ 2, 2t− 1, 2t+ 2), (2t+ 2, 2t+ 1, 2t)}.



 

GGT

⎡

⎣1 1

1 1

⎤

⎦

⎡

⎣0 0

0 1

⎤

⎦

⎡

⎣1 0

0 0

⎤

⎦

(S01, S10, S11) T1 T2 T3 rank(GGT ) = 1

(S01, S10, S11) ∈ {(2t, 2t+ 2, 2t+ 1), (2t+ 2, 2t, 2t+ 1), (2t+ 2, 2t+ 1, 2t),

(2t, 2t+ 1, 2t+ 2), (2t+ 1, 2t, 2t+ 2), (2t+ 1, 2t+ 2, 2t)}

(S01, S10, S11) ∈ {(2t+ 2, 2t+ 2, 2t− 1), (2t− 1, 2t+ 2, 2t+ 2),

(2t+ 2, 2t− 1, 2t+ 2)}

4t + 3

[
n, 2,

⌊
2n
3

⌋
− 1

]
2

n > 3 n = 3 t = 0

[3, 2, 1]2

t = 2 3.3.1 (S01, S10, S11) = (2t, 2t+

2, 2t + 1) = (4, 6, 5) (S01, S10, S11) = (2t + 2, 2t + 2, 2t − 1) = (6, 6, 3)

C1 15 (4, 6, 5)

G1 =

⎡

⎣0 0 0 0 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 0 0 0 0 0 0 1 1 1 1 1

⎤

⎦ .

G1G
T
1 =

⎡

⎣1 1

1 1

⎤

⎦



 

rank(G1G1
T ) = 1 dim(Hull(C)) = 2− rank(G1G1

T ) = 1

C1 [15, 2, 9]2

C2 15 (6, 6, 3)

G2 =

⎡

⎣0 0 0 0 0 0 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 0 0 0 0 0 0 1 1 1

⎤

⎦ .

G2G
T
2 =

⎡

⎣1 0

0 0

⎤

⎦

rank(G2G2
T ) = 1 dim(Hull(C)) = 2− rank(G2G2

T ) = 1

C2 [15, 2, 9]2

C1 C2

n ≡ 5 (mod 6)

[n, 2,
⌊
2n
3

⌋
]2

2 n ≡ 5 (mod 6)

n ≥ 3 n ≡ 5(mod 6)

D2(n, 2, 1) =

⌊
2n

3

⌋

[
n, 2,

⌊
2n
3

⌋]
2

n ≡ 5(mod 6) n = 6t + 5 t

D2(n, 2, 1) ≤
⌊
2n

3

⌋
=

⌊
2(6t+ 5)

3

⌋
= 4t+ 3.



 

[n, 2, 4t+ 3]2 C

G (S01, S10, S11) =

(2t+ 2, 2t+ 1, 2t+ 2) C [n, 2, d]2

d = min{S01 + S11, S10 + S11, S10 + S01}

= min{4t+ 3, 4t+ 3, 4t+ 3}

= 4t+ 3 .

GGT =

⎡

⎣1 0

0 0

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 1

[n, 2, 4t+ 3]2

S01 + S10 + S11 = n S00 > 0

S01 + S10 + S11 ≤ n− 1 = 6t+ 4.

min{S10 + S11, S01 + S11, S10 + S01} = 4t + 3

(S01, S10, S11) S01 + S10 + S11 = n

(S01, S10, S11) S01 + S10 + S11 =

n = 6t+ 5 min{S10 + S11, S01 + S11, S10 + S01} = 4t+ 3

{(2t+ 1, 2t+ 2, 2t+ 2), (2t+ 2, 2t+ 1, 2t+ 2), (2t+ 2, 2t+ 2, 2t+ 1)}.

GGT

⎡

⎣0 0

0 1

⎤

⎦

⎡

⎣1 0

0 0

⎤

⎦

⎡

⎣1 1

1 1

⎤

⎦

rank(GGT ) = 1



 

t = 2 3.4.1 (S01, S10, S11) = (2t +

2, 2t+ 2, 2t+ 1) = (6, 6, 5) C 17

(6, 6, 5)

G =

⎡

⎣0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 0 0 0 0 0 0 1 1 1 1 1

⎤

⎦ .

GGT =

⎡

⎣1 1

1 1

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 2 − rank(GGT ) = 1

C [13, 2, 11]2

n ≡ 0, 2, 4 (mod 6)

[n, 2,
⌊
2n
3

⌋
]2

n ≡ 0, 2, 4 (mod 6) [n, 2,
⌊
2n
3

⌋
− 1]2

n ≥ 3 n ≡ 0, 2, 4 (mod 6)

[n, 2,
⌊
2n
3

⌋
]2

n ≡ 0, 2, 4 (mod 6) [n, 2,
⌊
2n
3

⌋
]2

C

S10 + S01 + S11 = n S00 > 0

n ≡ 0, 2 (mod 6)
⌊
2(n−1)

3

⌋
< 2n

3 =
⌊
2n
3

⌋
n ≡ 0 (mod 6)

⌊
2(n−1)

3

⌋
< 2n−1

3 =
⌊
2n
3

⌋
n ≡ 2 (mod 6) S00 > 0

[n − 1, 2,
⌊
2n
3

⌋
]2 C ′

⌊
2n

3

⌋
= wt(C ′) ≤

⌊
2(n− 1)

3

⌋
<

⌊
2n

3

⌋
,



 

n ≡ 4 (mod 6) S00 > 0 [n − 1, 2,
⌊
2n
3

⌋
]2 C ′

n− 1 ≡ 3 (mod 6)
⌊
2n

3

⌋
= wt(C ′) ≤ D2(n− 1, 2, 1) =

⌊
2(n− 1)

3

⌋
− 1 =

⌊
2n

3

⌋
− 1 <

⌊
2n

3

⌋

S10 + S01 + S11 = n

2

S11 n S10 S01

GGT =

⎡

⎣0 1

1 1

⎤

⎦ GGT =

⎡

⎣1 1

1 0

⎤

⎦ .

rank(GGT ) = 2. dim(Hull(C)) = 2 −

rank(GGT ) = 0

S11 S10 S01 S10 S01

GGT =

⎡

⎣0 0

0 0

⎤

⎦

S10 S01

GGT =

⎡

⎣1 0

0 1

⎤

⎦

dim(Hull(C)) = 2− rank(GGT ) ̸= 1

dim(Hull(C)) ̸= 1

[n, 2,
⌊
2n
3

⌋
]2

n ≥ 3 n ≡ 0, 2, 4(mod 6)

D2(n, 2, 1) =

⌊
2n

3

⌋
− 1.

[
n, 2,

⌊
2n
3

⌋
− 1

]
2

n = 4 n ≡ 0, 2(mod 6)



 
[
n, 2,

⌊
2n
3

⌋
− 1

]
2

n > 4 n ≡ 4(mod 6)

n ≡ 0, 2, 4(mod 6)

D2(n, 2, 1) ≤
⌊
2n

3

⌋
− 1.

(S01, S10, S11) S01+S10+S11 ≤

n−2 min{S10+S11, S01+S11, S10+S01} =
⌊
2n
3

⌋
−1 S01+S10+S11 ≥ n−1

n = S01 + S10 + S11 [n, 2,
⌊
2n
3

⌋
− 1]2

n ≡ 0(mod 6) n = 6t t

(S01, S10, S11) S01 + S10 + S11 = n = 6t min{S10 + S11, S01 + S11, S10 +

S01} =
⌊
2n
3

⌋
− 1 = 4t− 1

{(2t, 2t+ 1, 2t− 1), (2t, 2t− 1, 2t+ 1), (2t+ 1, 2t, 2t− 1),

(2t+ 1, 2t+ 1, 2t− 2), (2t+ 1, 2t− 2, 2t+ 1), (2t− 2, 2t+ 1, 2t+ 1),

(2t+ 1, 2t− 1, 2t), (2t− 1, 2t, 2t+ 1), (2t− 1, 2t+ 1, 2t)}.

G rank(GGT ) = 2

dim(Hull(C)) = 0 ̸= 1

n ≡ 2(mod 6) n = 6t + 2 t

(S01, S10, S11) S01+S10+S11 = n = 6t+2 min{S10+S11, S01+S11, S10+

S01} =
⌊
2n
3

⌋
− 1 = 4t

{(2t, 2t, 2t+ 2), (2t+ 2, 2t, 2t), (2t, 2t+ 2, 2t), (2t− 2, 2t+ 2, 2t+ 2),

(2t+ 2, 2t− 2, 2t+ 2), (2t+ 2, 2t+ 2, 2t− 2), (2t+ 1, 2t− 1, 2t+ 2),

(2t+ 2, 2t+ 1, 2t− 1), (2t+ 1, 2t+ 2, 2t− 1), (2t− 1, 2t+ 1, 2t+ 2),

(2t+ 2, 2t− 1, 2t+ 1), (2t− 1, 2t+ 2, 2t+ 1)}.



 

G (S01, S10, S11)

{(2t, 2t, 2t+ 2), (2t+ 2, 2t, 2t), (2t, 2t+ 2, 2t), (2t− 2, 2t+ 2, 2t+ 2),

(2t+ 2, 2t− 2, 2t+ 2), (2t+ 2, 2t+ 2, 2t− 2)}

rank(GGT ) = 0 dim(Hull(C)) = 2 ̸= 1

G (S01, S10, S11)

{(2t+ 1, 2t− 1, 2t+ 2), (2t+ 2, 2t+ 1, 2t− 1), (2t+ 1, 2t+ 2, 2t− 1),

(2t− 1, 2t+ 1, 2t+ 2), (2t+ 2, 2t− 1, 2t+ 1), (2t− 1, 2t+ 2, 2t+ 1)}

rank(GGT ) = 2 dim(Hull(C)) = 0 ̸= 1

n ≡ 4(mod 6) n = 6t + 4 t

(S01, S10, S11) S01+S10+S11 = n = 6t+4 min{S10+S11, S01+S11, S10+

S01} =
⌊
2n
3

⌋
− 1 = 4t+ 1

{(2t, 2t+ 1, 2t+ 3), (2t− 1, 2t+ 2, 2t+ 3), (2t+ 3, 2t− 1, 2t+ 2),

(2t+ 3, 2t+ 2, 2t− 1), (2t− 1, 2t+ 3, 2t+ 2), (2t+ 2, 2t+ 3, 2t− 1),

(2t+ 2, 2t− 1, 2t+ 3), (2t− 1, 2t+ 2, 2t+ 3), (2t+ 3, 2t− 1, 2t+ 2),

(2t+ 3, 2t+ 2, 2t− 1), (2t− 1, 2t+ 3, 2t+ 2), (2t+ 2, 2t+ 3, 2t− 1),

(2t+ 3, 2t+ 3, 2t− 2), (2t− 2, 2t+ 3, 2t+ 3), (2t− 2, 2t+ 3, 2t+ 3)}.

G rank(GGT ) = 2

dim(Hull(C)) = 0 ̸= 1

n− 1 = S01 + S10 + S11 [n, 2,
⌊
2n
3

⌋
− 1]2

n ≡ 0(mod 6) n − 1 ≡ 5(mod 6)

[n − 1, 2,
⌊
2(n−1)

3

⌋
]2 G

G′ = [0 G] G′ [n, 2,
⌊
2(n−1)

3

⌋
]2 D

⌊
2(n−1)

3

⌋
=

⌊
2n
3

⌋
− 1 D [n, 2,

⌊
2n
3

⌋
− 1]2



 

n ≡ 2(mod 6) n − 1 ≡ 1(mod 6)

[n− 1, 2,
⌊
2(n−1)

3

⌋
]2 G

G′ = [0 G] G′ [n, 2,
⌊
2(n−1)

3

⌋
]2 D

⌊
2(n−1)

3

⌋
=

⌊
2n
3

⌋
− 1 D [n, 2,

⌊
2n
3

⌋
− 1]2

n ≡ 4(mod 6) n − 1 ≡ 3(mod 6)

[n− 1, 2,
⌊
2(n−1)

3

⌋
− 1]2 G

G′ = [0 G] G′ [n, 2,
⌊
2(n−1)

3

⌋
− 1]2

D
⌊
2(n−1)

3

⌋
− 1 =

⌊
2n
3

⌋
− 1 D

[n, 2,
⌊
2n
3

⌋
− 1]2

C

[17, 2, 8]2

G =

⎡

⎣0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 0 0 0 0 0 0 1 1 1 1 1

⎤

⎦ .

G′ = [0 G] G′ [18, 2, 7]2

C

[13, 2, 8]2

G =

⎡

⎣0 0 0 0 1 1 1 1 1 1 1 1 1

1 1 1 1 0 0 0 0 1 1 1 1 1

⎤

⎦ .

G′ = [0 G] G′ [14, 2, 7]2

C1

[15, 2, 9]2

G1 =

⎡

⎣0 0 0 0 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 0 0 0 0 0 0 1 1 1 1 1

⎤

⎦ .



 

G′
1 = [0 G1] G′

1 [16, 2, 8]2

C2

[15, 2, 9]2

G2 =

⎡

⎣0 0 0 0 0 0 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 0 0 0 0 0 0 1 1 1

⎤

⎦ .

G′
2 = [0 G2] G′

2 [16, 2, 8]2

G′
1 G′

2

n ≥ 3

D2(n, 2, 1) =

⎧
⎪⎪⎨

⎪⎪⎩

⌊
2n
3

⌋
n ≡ 1, 5 (mod 6),

⌊
2n
3

⌋
− 1 n ≡ 0, 2, 3, 4 (mod 6).



 

[n, 2]3

n ≥ 3 [n, 2]3

D3(n, 2, 1) n ≥ 3

[n, 2]3 C

G =

⎡

⎣α1

α2

⎤

⎦

C = {0,α1,α2, 2α1, 2α2,α1 + α2, 2α1 + α2,α1 + 2α2, 2α1 +

2α2}. α1 =
[
a11 a12 · · · a1n

]
α2 =

[
a21 a22 · · · a2n

]



 

(α1) = (2α1) =
2∑

i=1

2∑

j=0

Sij,

(α2) = (2α2) =
2∑

i=0

2∑

j=1

Sij,

(α1 + α2) = (2α1 + 2α2) = S01 + S02 + S10 + S11 + S20 + S22,

(2α1 + α2) = (α1 + 2α2) = S01 + S02 + S10 + S12 + S20 + S21.

wtH(C) = min{ (α1), (2α1), (α2), (2α2), (α1 + α2),

(2α1 + 2α2), (2α1 + α2), (α1 + 2α2)}

= min{
2∑

i=1

2∑

j=0

Sij,
2∑

i=0

2∑

j=1

Sij, S01 + S02 + S10 + S11 + S20 + S22,

S01 + S02 + S10 + S12 + S20 + S21}.

GGT =

⎡

⎢⎢⎣

2∑
i=1

2∑
j=0

Sij

2∑
i=1

2∑
j=1

ijSij

2∑
i=1

2∑
j=1

ijSij

2∑
i=0

2∑
j=1

Sij

⎤

⎥⎥⎦ (mod 3).

C 5

G =

⎡

⎣1 0 1 0 2

0 1 1 2 1

⎤

⎦

S10 = S01 = S11 = S02 = S21 = 1 S00 = S20 = S12 = S22 = 0. F3,

2∑
i=1

2∑
j=0

Sij = 0,
2∑

i=1

2∑
j=1

ijSij = 0,
2∑

i=1

2∑
j=1

ijSij = 0
2∑

i=0

2∑
j=1

Sij = 1.

G =

⎡

⎣0 0

0 1

⎤

⎦

rank(GGT ) = 1 dim(HullH(C)) = 2 − rank(GGT ) = 1



 

D3(n, 2, 1) ≤
⌊
3n

4

⌋
.

D3(n, 2, 1)

n ≡ 1 (mod 4)

[n, 2,
⌊
3n
4

⌋
]3

2 n ≡ 1 (mod 4)

n ≥ 3 n ≡ 1 (mod 4)

D3(n, 2, 1) =

⌊
3n

4

⌋
.

n ≡ 1 (mod 4) n = 4t+ 1 t
⌊
3n
4

⌋
=

⌊
3(4t+1)

4

⌋
= 3t

[n, 2, 3t]3

t C G

S00 = 0, S01 = S10 = S02 = S20 = S12 = S11 = S22 =
t

2
, S21 =

t

2
+ 1.

C [n, 2, d]3

d = min{
2∑

i=1

2∑

j=0

Sij,
2∑

i=0

2∑

j=1

Sij, S01 + S02 + S10 + S11 + S20 + S22,

S01 + S02 + S10 + S12 + S20 + S21}

= min{3t+ 1, 3t+ 1, 3t, 3t+ 1}

= 3t.



 

GGT =

⎡

⎣1 2

2 1

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 1

t C G

S00 = 0, S02 = S20 = S12 = S21 = S11 =
t+ 1

2
S01 = S10 = S22 =

t− 1

2
.

C [n, 2, d]3

d = min{
2∑

i=1

2∑

j=0

Sij,
2∑

i=0

2∑

j=1

Sij, S01 + S02 + S10 + S11 + S20 + S22,

S01 + S02 + S10 + S12 + S20 + S21}

= min{3t+ 1, 3t+ 1, 3t, 3t+ 1}

= 3t.

GGT =

⎡

⎣1 2

2 1

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) =

1

t = 2 t S00 =

0, S01 = S10 = S02 = S20 = S12 = S11 = S22 = 1 S21 = 2 C

9

G =

⎡

⎣1 0 0 2 1 1 2 2 2

0 1 2 0 2 1 2 1 1

⎤

⎦ .

F3,



 

2∑
i=1

2∑
j=0

Sij = 1,
2∑

i=1

2∑
j=1

ijSij = 2,
2∑

i=1

2∑
j=1

ijSij = 2
2∑

i=0

2∑
j=1

Sij = 1.

G =

⎡

⎣1 2

2 1

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 2 − rank(GGT ) = 1

C [9, 2, 6]3

n ≡ 2 (mod 4)

[n, 2,
⌊
3n
4

⌋
]3

n ≡ 2 (mod 4)

n ≥ 3 n ≡ 2 (mod 4)

D3(n, 2, 1) =

⌊
3n

4

⌋
.

n ≡ 2 (mod 4) n = 4t+ 2 t
⌊
3n
4

⌋
=

⌊
3(4t+2)

4

⌋
= 3t+ 1

[n, 2, 3t+ 1]3

t C G

S00 = 0, S01 = S10 = S11 =
t

2
+ 1, S02 = S20 = S21 = S22 =

t

2
S12 =

t

2
− 1.

C [n, 2, d]3

d = min{
2∑

i=1

2∑

j=0

Sij,
2∑

i=0

2∑

j=1

Sij, S01 + S02 + S10 + S11 + S20 + S22,

S01 + S02 + S10 + S12 + S20 + S21}

= min{3t+ 1, 3t+ 1, 3t+ 3, 3t+ 1}

= 3t+ 1.



 

GGT =

⎡

⎣1 2

2 1

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 1

t C G

S00 = 0, S01 = S02 = S10 = S20 = S11 = S22 =
t+ 1

2
S12 = S21 =

t− 1

2
.

C [n, 2, d]3

d = min{
2∑

i=1

2∑

j=0

Sij,
2∑

i=0

2∑

j=1

Sij, S01 + S02 + S10 + S11 + S20 + S22,

S01 + S02 + S10 + S12 + S20 + S21}

= min{3t+ 1, 3t+ 1, 3t+ 3, 3t+ 1}

= 3t+ 1.

GGT =

⎡

⎣1 2

2 1

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 1

t = 2 t S00 =

S12 = 0, S02 = S20 = S21 = S22 = 1 S01 = S10 = S11 = 2 C

10

G =

⎡

⎣1 1 0 0 1 1 0 2 2 2

0 0 1 1 1 1 2 0 1 2

⎤

⎦ .

F3,

2∑
i=1

2∑
j=0

Sij = 1,
2∑

i=1

2∑
j=1

ijSij = 2,
2∑

i=1

2∑
j=1

ijSij = 2
2∑

i=0

2∑
j=1

Sij = 1.



 

G =

⎡

⎣1 2

2 1

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 2 − rank(GGT ) = 1

C [10, 2, 7]3

n ≡ 3 (mod 4)

[n, 2,
⌊
3n
4

⌋
]3

2 n ≡ 3 (mod 4)

n ≥ 3 n ≡ 3 (mod 4)

D3(n, 2, 1) =

⌊
3n

4

⌋
.

n ≡ 3 (mod 4) n = 4t+ 3 t
⌊
3n
4

⌋
=

⌊
3(4t+3)

4

⌋
= 3t+ 2

[n, 2, 3t+ 2]2

C G

S00 = 0, S01 + S02 = S10 + S20 = S11 + S22 = t+ 1 S12 + S21 = t.

C [n, 2, d]3

d = min{
2∑

i=1

2∑

j=0

Sij,
2∑

i=0

2∑

j=1

Sij, S01 + S02 + S10 + S11 + S20 + S22,

S01 + S02 + S10 + S12 + S20 + S21}

= min{3t+ 2, 3t+ 2, 3t+ 3, 3t+ 2}

= 3t+ 2.

GGT =

⎡

⎣2 1

1 2

⎤

⎦



 

rank(GGT ) = 1 dim(Hull(C)) = 1

t = 2 t S00 =

0, S10 = S01 = S11 = S12 = S21 = 1 S20 = S02 = S22 = 2 C

11

G =

⎡

⎣1 0 1 1 2 2 2 0 0 2 2

0 1 1 2 1 0 0 2 2 2 2

⎤

⎦ .

F3,

2∑
i=1

2∑
j=0

Sij = 2,
2∑

i=1

2∑
j=1

ijSij = 1,
2∑

i=1

2∑
j=1

ijSij = 1
2∑

i=0

2∑
j=1

Sij = 2.

G =

⎡

⎣2 1

1 2

⎤

⎦

rank(GGT ) = 1 dim(Hull(C)) = 2 − rank(GGT ) = 1

C [11, 2, 8]3

n ≡ 0 (mod 4)

[n, 2,
⌊
3n
4

⌋
]3

n ≡ 0 (mod 4) [n, 2,
⌊
3n
4

⌋
− 1]3

n ≡ 0 (mod 4)

n ≥ 3 C [n, 2]3 n ≡ 0 (mod 4)

wt(C) =
⌊
3n
4

⌋ ⌊
3n
4

⌋
.

n ≡ 0 (mod 4) C [n, 2,
⌊
3n
4

⌋
]3 n = 4t

t
⌊
3n
4

⌋
= 3t



 

S00 > 0 C

[n− 1, 2,
⌊
3n
4

⌋
]3 C ′

3t =

⌊
3n

4

⌋
= wt(C ′) ≤

⌊
3(n− 1)

4

⌋
= 3t− 1,

S00 = 0 n = S01 + S02 + S10 + S20 + S11 + S12 + S21 + S22

∑

c∈C\{0}

wt(c) = 6(S01 + S02 + S10 + S20 + S11 + S12 + S21 + S22) = 6n = 24t.

C \ {0} 8 wt(C) = 3t C \ {0}

3t =
⌊
3n
4

⌋

n ≥ 3 n ≡ 0 (mod 4)

[n, 2,
⌊
3n
4

⌋
]3

n ≡ 0 (mod 4)
⌊
3(n− 1)

4

⌋
<

3n

4
=

⌊
3n

4

⌋
.

[n, 2,
⌊
3n
4

⌋
]3 C G S00 > 0

[n−1, 2,
⌊
3n
4

⌋
]2 C ′

⌊
3n
4

⌋
= wt(C ′) ≤

⌊
3(n−1)

4

⌋
<

⌊
3n
4

⌋
S00 = 0

S01 + S02 + S10 + S20 + S11 + S12 + S21 + S22 = n.

C
⌊
3n
4

⌋
.

GGT =

⎡

⎣0 x

x 0

⎤

⎦

x ∈ {0, 1, 2} rank(GGT ) = 0 2

dim(Hull(C)) = 0 2 dim(Hull(C)) ̸= 1. [n, 2,
⌊
3n
4

⌋
]3



 

n ≥ 3 n ≡ 0 (mod 4)

D3(n, 2, 1) =

⌊
3n

4

⌋
− 1.

n ≡ 0 (mod 4) n = 4t t

⌊
3n

4

⌋
− 1 =

⌊
3(4t)

4

⌋
− 1 = 3t− 1.

[n, 2, 3t− 1]3

n − 1 = 4t − 1 = 4(t − 1) + 3

[n− 1, 2, 3(t− 1) + 2 = 3t− 1]3 G

G′ = [0 G] G′

[n, 2, 3t− 1]3

C

[11, 2, 8]3

G =

⎡

⎣1 0 0 0 2 2 1 2 2 1 2

0 1 2 2 0 0 1 2 2 2 1

⎤

⎦ .

G′ = [0 G] G′ [12, 2, 7]3

D3(n, 2, 1)

n ≥ 3

D3(n, 2, 1) =

⎧
⎪⎪⎨

⎪⎪⎩

⌊
3n
4

⌋
− 1 n ≡ 0 (mod 4),

⌊
3n
4

⌋
n ≡ 1, 2, 3 (mod 4).



 

F4 = {0, 1,ω,ω2 = ω+1} C [n, 2]4 F4

G =

⎡

⎣a11 a12 · · · a1n

a21 a22 · · · a2n

⎤

⎦ .

βl =

⎡

⎣a1l

a2l

⎤

⎦ 1 ≤ l ≤ n G

G =
[
β11 β12 · · · β1n

]
.



 

i, j ∈ F4 Sij := |{l ∈ {1, 2, . . . , n} | βl =

⎡

⎣i

j

⎤

⎦}|

G C Sij

i, j ∈ F4

Sij

α1 =
[
a11 a12 · · · a1n

]
α2 =

[
a21 a22 · · · a2n

]

G C G =

⎡

⎣α1

α2

⎤

⎦

C = {0,α1,α2,ωα1,ω
2α1,ωα2,ω

2α2,α1 + α2,ωα1 + α2,ω
2α1 + α2,α1 + ωα2,α1 + ω2α2,

ωα1 + ωα2,ω
2α1 + ωα2,ωα1 + ω2α2,ω

2α1 + ω2α2},

(α1) = (ωα1) = (ω2α1) =
∑

i∈F∗
4

∑

j∈F4

Sij,

(α2) = (ωα2) = (ω2α2) =
∑

i∈F4

∑

j∈F∗
4

Sij,

(α1 + α2) = (ωα1 + ωα2) = (ω2α1 + ω2α2) =
∑

i∈F4

∑

j∈F4,i ̸=j

Sij,

(α1 + ωα2) = (ωα1 + ω2α2) = (ω2α1 + α2) =
∑

i∈F4

∑

j∈F4,i ̸=ωj

Sij,

(α1 + ω2α2) = (ωα1 + α2) = (ω2α1 + ωα2) =
∑

i∈F4

∑

j∈F4,i ̸=ω2j

Sij.



 

y0 = S11 + Sωω + Sω2ω2 , y1 = S1ω2 + Sω1 + Sω2ω y2 = Sω21 + S1ω + Sωω2

GG† =

⎡

⎢⎢⎣

∑
i∈F∗

4

∑
j∈F4

Sij y0 + ωy1 + ω2y2

y0 + ω2y1 + ωy2
∑
i∈F4

∑
j∈F∗

4

Sij

⎤

⎥⎥⎦ ,

F4.

C 4 S10 =

S01 = S11 = S1ω = 1 S00 = S0ω = S0ω2 = S1ω2 = Sω0 = Sω1 = Sωω = Sωω2 =

Sω20 = Sω21 = Sω2ω = Sω2ω2 = 0 C

G =

⎡

⎣1 0 1 1

0 1 1 ω

⎤

⎦ .

y0 = 1, y1 = 0, y2 = 1.

F4,
∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 1.

GG† =

⎡

⎣ 1 1 + ω2

1 + ω 1

⎤

⎦ =

⎡

⎣ 1 ω

ω2 1

⎤

⎦

rank(GG†) = 1 dim(HullH(C)) = 2 − rank(GG†) = 1

k = 2 q = 4

DH
4 (n, 2, 1) ≤

⌊
4n
5

⌋
n ≥ 3



 

n ≡ 1, 2, 4 (mod 5)

2

DH
4 (n, 2, 1) n ≥ 3 n ≡ 1, 2, 4 (mod 5)

n ≥ 3 n ≡ 1, 2, 4 (mod 5)

DH
4 (n, 2, 1) =

⌊
4n

5

⌋
.

n ≡ 1, 2, 4 (mod 5) DH
4 (n, 2, 1) ≤

⌊
4n
5

⌋ [
n, 2,

⌊
4n
5

⌋]
4

3

n ≡ 1 (mod 5) n = 5t + 1 t

t

t 1 ≤ r ≤ n βr 2× 1 F4

βr =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[0 1]T 1 ≤ r ≤ t
2 ,

[0 ω]T t
2 + 1 ≤ r ≤ 2t

2 ,

[ω 0]T 2t
2 + 1 ≤ r ≤ 3t

2 ,

[1 1]T 3t
2 + 1 ≤ r ≤ 4t

2 ,

[ω2 ω2]T 4t
2 + 1 ≤ r ≤ 5t

2

[1 ω2]T 5t
2 + 1 ≤ r ≤ 6t

2 ,

[ω2 ω]T 6t
2 + 1 ≤ r ≤ 7t

2 ,

[ω2 1]T 7t
2 + 1 ≤ r ≤ 8t

2 ,

[ω ω2]T 8t
2 + 1 ≤ r ≤ 9t

2 ,

[1 0]T 9t
2 + 1 ≤ r ≤ 10t

2 + 1.

.



 

C [n, 2]4

G =
[
β1 β2 · · · βn

]
.

S01 = S0ω = Sω0 = S11 = Sω2ω2 = S1ω2 = Sω2ω = Sω21 = Sωω2 = t
2 S10 =

t
2 + 1

Sij = 0

y0 = S11 + Sωω + Sω2ω2 = t,

y1 = S1ω2 + Sω1 + Sω2ω = t,

y2 = Sω21 + S1ω + Sωω2 = t.

F4

∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 0.

GG† =

⎡

⎣1 0

0 0

⎤

⎦

rank(GG†) = 1 C

2− rank(GG†) = 1

Sij

(α1) = (ωα1) = (ω2α1) = 4t+ 1,

(α2) = (ωα2) = (ω2α2) = 4t,

(α1 + α2) = (ωα1 + ωα2) = (ω2α1 + ω2α2) = 4t+ 1,

(α1 + ωα2) = (ωα1 + ω2α2) = (ω2α1 + α2) = 4t+ 1,

(α1 + ω2α2) = (ωα1 + α2) = (ω2α1 + ωα2) = 4t+ 1.

C 4t =
⌊
4(5t+1)

5

⌋
=

⌊
4n
5

⌋
C

[n, 2,
⌊
4n
5

⌋
]4



 

t 1 ≤ r ≤ n βr 2× 1 F4

βr =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[0 ω]T 1 ≤ r ≤ t+1
2 ,

[1 0]T t+1
2 + 1 ≤ r ≤ 2(t+1)

2 ,

[ω 0]T 2(t+1)
2 + 1 ≤ r ≤ 3(t+1)

2 ,

[ω2 ω2]T 3(t+1)
2 + 1 ≤ r ≤ 4(t+1)

2 ,

[ω2 ω]T 4(t+1)
2 + 1 ≤ r ≤ 5(t+1)

2 ,

[ω ω2]T 5(t+1)
2 + 1 ≤ r ≤ 6(t+1)

2 ,

[0 1]T 6(t+1)
2 + 1 ≤ r ≤ 7t+5

2 ,

[1 1]T 7t+5
2 + 1 ≤ r ≤ 8t+4

2 ,

[1 ω2]T 8t+4
2 + 1 ≤ r ≤ 9t+3

2 ,

[ω2 1]T 9t+3
2 + 1 ≤ r ≤ 10t+2

2 .

C [n, 2]4

G =
[
β1 β2 · · · βn

]
.

S0ω = S10 = Sω0 = Sω2ω2 = Sω2ω = Sωω2 = t+1
2 S01 = S11 = S1ω2 = Sω21 =

t−1
2

Sij = 0

y0 = S11 + Sωω + Sω2ω2 = t,

y1 = S1ω2 + Sω1 + Sω2ω = t,

y2 = Sω21 + S1ω + Sωω2 = t.

F4
∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 0.

GG† =

⎡

⎣1 0

0 0

⎤

⎦ .



 

C

2− rank(GG†) = 2− 1 = 1

Sij

(α1) = (ωα1) = (ω2α1) = 4t+ 1,

(α2) = (ωα2) = (ω2α2) = 4t,

(α1 + α2) = (ωα1 + ωα2) = (ω2α1 + ω2α2) = 4t+ 1,

(α1 + ωα2) = (ωα1 + ω2α2) = (ω2α1 + α2) = 4t+ 1,

(α1 + ω2α2) = (ωα1 + α2) = (ω2α1 + ωα2) = 4t+ 1.

C 4t =
⌊
4(5t+1)

5

⌋
=

⌊
4n
5

⌋
C

[n, 2,
⌊
4n
5

⌋
]4

DH
4 (n, 2, 1) =

⌊
4n

5

⌋

n ≡ 1 (mod 5)

n ≡ 2 (mod 5) n = 5t + 2 t

C Sij i, j ∈ F4

Sij

G

t S01 = Sω0 = Sω2ω2 = S1ω2 = Sω2ω = Sωω2 = t
2 , S0ω = t

2 − 1,

S10 = S11 = Sω21 =
t
2 + 1, Sij = 0 .

y0 = S11 + Sωω + Sω2ω2 = t+ 1,

y1 = S1ω2 + Sω1 + Sω2ω = t,

y2 = Sω21 + S1ω + Sωω2 = t+ 1.

F4

∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 1.



 

GG† =

⎡

⎣ 1 ω

ω2 1

⎤

⎦

rank(GGT ) = 1 dim( H(C)) = 1

Sij

(α1) = (ωα1) = (ω2α1) = 4t+ 3,

(α2) = (ωα2) = (ω2α2) = 4t+ 1,

(α1 + α2) = (ωα1 + ωα2) = (ω2α1 + ω2α2) = 4t+ 1,

(α1 + ωα2) = (ωα1 + ω2α2) = (ω2α1 + α2) = 4t+ 2,

(α1 + ω2α2) = (ωα1 + α2) = (ω2α1 + ωα2) = 4t+ 1.

C 4t + 1 =
⌊
4(5t+2)

5

⌋
=

⌊
4n
5

⌋
C

[n, 2,
⌊
4n
5

⌋
]4

t S10 = S11 = Sω2ω2 = S1ω2 = Sω2ω = Sω21 = Sωω2 = t+1
2 ,

S01 = S0ω = Sω0 =
t−1
2 , Sij = 0 .

y0 = S11 + Sωω + Sω2ω2 = t+ 1,

y1 = S1ω2 + Sω1 + Sω2ω = t+ 1,

y2 = Sω21 + S1ω + Sωω2 = t+ 1.

F4
∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 0.

GG† =

⎡

⎣1 0

0 0

⎤

⎦ .

rank(GGT ) = 1 dim( H(C)) = 2−rank(GGT ) = 1



 

Sij

(α1) = (ωα1) = (ω2α1) = 4t+ 3,

(α2) = (ωα2) = (ω2α2) = 4t+ 2,

(α1 + α2) = (ωα1 + ωα2) = (ω2α1 + ω2α2) = 4t+ 1,

(α1 + ωα2) = (ωα1 + ω2α2) = (ω2α1 + α2) = 4t+ 1,

(α1 + ω2α2) = (ωα1 + α2) = (ω2α1 + ωα2) = 4t+ 1

C 4t+ 1 =
⌊
4(5t+2)

5

⌋
=

⌊
4n
5

⌋
C

[n, 2,
⌊
4n
5

⌋
]4

DH
4 (n, 2, 1) =

⌊
4n

5

⌋

n ≡ 2 (mod 5)

n ≡ 4 (mod 5) n = 5t + 4 t

t

t S0ω = S10 = Sω0 = Sω2ω2 = Sωω2 = Sω2ω = t
2 , S01 = S11 =

S1ω2 = Sω21 =
t
2 + 1, Sij = 0 .

y0 = S11 + Sωω + Sω2ω2 = t+ 1,

y1 = S1ω2 + Sω1 + Sω2ω = t+ 1,

y2 = Sω21 + S1ω + Sωω2 = t+ 1.

F4
∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 0.

GG† =

⎡

⎣1 0

0 0

⎤

⎦ .

rank(GGT ) = 1 C



 

Sij

(α1) = (ωα1) = (ω2α1) = 4t+ 3,

(α2) = (ωα2) = (ω2α2) = 4t+ 4,

(α1 + α2) = (ωα1 + ωα2) = (ω2α1 + ω2α2) = 4t+ 3,

(α1 + ωα2) = (ωα1 + ω2α2) = (ω2α1 + α2) = 4t+ 3,

(α1 + ω2α2) = (ωα1 + α2) = (ω2α1 + ωα2) = 4t+ 3.

C 4t + 3 =
⌊
4(5t+4)

5

⌋⌊
4n
5

⌋
C

[n, 2,
⌊
4n
5

⌋
]4

t S01 = S0ω = Sω0 = S11 = Sω2ω2 = S1ω2 = Sω2ω = Sω21 =

Sωω2 = t+1
2 , S10 =

t−1
2 , Sij = 0 .

y0 = S11 + Sωω + Sω2ω2 = t+ 1,

y1 = S1ω2 + Sω1 + Sω2ω = t+ 1,

y2 = Sω21 + S1ω + Sωω2 = t+ 1.

F4

∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 0.

GG† =

⎡

⎣1 0

0 0

⎤

⎦

rank(GGT ) = 1 dim( H(C)) = 2− rank(GGT ) = 1

Sij

(α1) = (ωα1) = (ω2α1) = 4t+ 3,

(α2) = (ωα2) = (ω2α2) = 4t+ 4,

(α1 + α2) = (ωα1 + ωα2) = (ω2α1 + ω2α2) = 4t+ 3,

(α1 + ωα2) = (ωα1 + ω2α2) = (ω2α1 + α2) = 4t+ 3,

(α1 + ω2α2) = (ωα1 + α2) = (ω2α1 + ωα2) = 4t+ 3



 

wt(C) = 4t + 3 =
⌊
4(5t+4)

5

⌋⌊
4n
5

⌋
C

[n, 2,
⌊
4n
5

⌋
]4

DH
4 (n, 2, 1) =

⌊
4n

5

⌋

n ≡ 4 (mod 5)

t = 2 t S01 =

S0ω = Sω0 = S11 = Sω2ω2 = S1ω2 = Sω2ω = Sω21 = Sωω2 = 1, S10 = 2 Sij = 0

C 11

G =

⎡

⎣1 1 0 0 ω 1 ω2 1 ω2 ω2 ω

0 0 1 ω 0 1 ω2 ω2 ω 1 ω2

⎤

⎦ .

y0 = t, y1 = t, y2 = t.

F4
∑

i∈F∗
4

∑

j∈F4

Sij = 1
∑

i∈F4

∑

j∈F∗
4

Sij = 0.

GG† =

⎡

⎣1 0

0 0

⎤

⎦

rank(GG†) = 1 dim(HullH(C)) = 2 − rank(GG†) = 1

C [11, 2, 8]4

DH
4 (n, 2, 1) n ≡ 0, 3 (mod 5)

n ≡ 0, 3 (mod 5)

[n, 2]4

DH
4 (n, 2, 1)



 

n n ≡ 0, 3 (mod 5)

[n, 2,
⌊
4n
5

⌋
− 1]4

n ≡ 0, 3 (mod 5)

n ≡ 0 (mod 5) n−1 ≡ 4 (mod 5) n = 5t

t [n− 1, 2,
⌊
4(n−1)

5

⌋
]4 C

G C C ′

G′ = [0 G]

⌊
4(n− 1)

5

⌋
=

⌊
4(5t− 1)

5

⌋
= 4t− 1 =

⌊
4(5t)

5

⌋
− 1 =

⌊
4n

5

⌋
− 1,

C ′ [n, 2,
⌊
4(n−1)

5

⌋
]2 = [n, 2,

⌊
4n
5

⌋
− 1]2

n ≡ 3 (mod 5) n − 1 ≡ 2 (mod 5) n = 5t + 3

t [n−1, 2,
⌊
4(n−1)

5

⌋
]4 C

G C C ′

G′ = [0 G]

⌊
4(n− 1)

5

⌋
=

⌊
4(5t+ 2)

5

⌋
= 4t+ 1 =

⌊
4(5t+ 3)

5

⌋
− 1 =

⌊
4n

5

⌋
− 1,

C ′ [n, 2,
⌊
4(n−1)

5

⌋
]2 = [n, 2,

⌊
4n
5

⌋
− 1]2

C

[11, 2, 8]4

G =

⎡

⎣1 1 0 0 ω 1 ω2 1 ω2 ω2 ω

0 0 1 ω 0 1 ω2 ω2 ω 1 ω2

⎤

⎦ .

G′ = [0 G] G′ [10, 2, 7]3

n n ≡ 0, 3 (mod 5)

⌊
4n

5

⌋
− 1 ≤ DH

4 (n, 2, 1) ≤
⌊
4n

5

⌋
.



 

[n, 2]4

n ≥ 3

n ≡ 1, 2, 4 (mod 5)

[n, 2]4

n ≡ 0, 3 (mod 5)

n ≥ 3

DH
4 (n, 2, 1) =

⌊
4n

5

⌋
n ≡ 1, 2, 4 (mod 5)

⌊
4n

5

⌋
− 1 ≤ DH

4 (n, 2, 1) ≤
⌊
4n

5

⌋
n ≡ 0, 3 (mod 5).

DH
4 (n, 2, 1) =

⌊
4n
5

⌋
− 1 n ≡ 0, 3 (mod 5)



 

[n, k, d]q d

C C

[n, k]q

d = Dq(n, k, 1)

d = DH
q (n, k, 1)



 

[n, 2, d]2 [n, 2, d]3

q n d

n ≡ 0 (mod 6)
⌊
2n
3

⌋
− 1 !

n ≡ 1 (mod 6)
⌊
2n
3

⌋
!

n ≡ 2 (mod 6)
⌊
2n
3

⌋
− 1 !

n ≡ 3 (mod 6)
⌊
2n
3

⌋
− 1 !

n ≡ 4 (mod 6)
⌊
2n
3

⌋
− 1 !

n ≡ 5 (mod 6)
⌊
2n
3

⌋
!

n ≡ 0 (mod 4)
⌊
3n
4

⌋
− 1 !

n ≡ 1 (mod 4)
⌊
3n
4

⌋
!

n ≡ 2 (mod 4)
⌊
3n
4

⌋
!

n ≡ 3 (mod 4)
⌊
3n
4

⌋
!

[n, 2, d]4

q n d

n ≡ 0 (mod 5)
⌊
4n
5

⌋
− 1 ?

n ≡ 1 (mod 5)
⌊
4n
5

⌋
!

n ≡ 2 (mod 5)
⌊
4n
5

⌋
!

n ≡ 3 (mod 5)
⌊
4n
5

⌋
− 1 ?

n ≡ 4 (mod 5)
⌊
4n
5

⌋
!



 

n ≥ 3 d

!

?

Dq(n, k, 1) DH
q (n, k, 1) q, n, k, l



 



 



 



 



 


