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Chapter 1

Introduction

Let X be a nonempty set and d : X x X — [0,00). Then d is a metric if d satisfies
the following three conditions:

(M1) Vz,y € X, d(x,y) =0 <>z =y,

(M2) Vz,y € X, d(z,y) = d(y, z), and

(M3) Vz,y,z € X, d(z,y) < d(x, z) +d(z,y).

In 1944, Krasner [8] introduced ultrametric as follows: The function d is called an
ultrametric if d satisfies (M1),(M2), and

(U3) for all z,y, z € X,d(z,y) < max{d(z,z),d(z9)}.

In 1989, Bakhtin [1] introduced b-metric as follows: The function d is said to be a
b-metric if d satisfies (M1), (M2), and

(B3) there exists s > 1 such that

d(z,y) < s(d(x,z) +d(z,y)) foral =zy,zeX.

It is easy to see that every ultrametric is a metric and every metric is a b-metric.
The function f : [0,00) — [0,00) is said to be metric-preserving if for all metric
spaces (X,d), f od is metric on X and let M be the set of all metric-preserving
functions. The concept of metric preserving functions first appears in Wilson’s

article [11] and is thoroughly by many authors, see example, [2, 3, 4]. In 2014,



Pongsriiam and Termwuttipong [9] introduced and investigated a variation of con-
cept of metric-preserving functions where metrics are replaced by ultrametrics as

follows.

Definition 1.1. [9] Let f : [0, 00) — [0,00). Then

(i) f is ultrametric-preserving if for all ultrametric spaces (X, d), f od is an ultra-

metric,

(ii) f is metric-ultrametric-preserving if for all metric spaces (X, d), f od is an

ultrametric,

(iii) f is wltrametric-metric-preserving if for all ultrametric spaces (X,d), f od is

a metric, and

let U be the set of all ultrametric-preserving functions, U M the set of all ultrametric-
metric-preserving functions, and MU the set of all metric-ultrametric-preserving

functions.

In 2018, Khemaratchatakumthorn and Pongsriiam [6] also introduced
and investigated a variation of concept of metric-preserving functions where metrics

are replaced by b-metrics as follows.

Definition 1.2. [6] Let f : [0, 00) — [0,00). Then

(i) f is b-metric-preserving if for all b-metric spaces (X, d), f o d is a b-metric,
(ii) f is metric-b-metric-preserving if for all metric spaces (X, d), fod is a b-metric,
(iii) f is b-metric-metric-preserving if for all b-metric spaces (X, d), fod is a metric,
and let B the set of all b-metric-preserving functions, MB the set of all metric-

b-metric-preserving functions, and BM the set of all b-metric-metric-preserving



functions.

In 2020, Samphavat, Khemaratchatakumthorn, and Pongsriiam [10] also
introduced and investigated a variation of concept of metric-preserving functions

where metrics are replaced by b-metrics and ultrametric as follows.

Definition 1.3. [10] Let f : [0,00) — [0,00). Then

(i) f is wltrametric-b-metric-preserving if for all ultrametric spaces (X, d), fod is
a b-metric,

(i) f is b-metric-ultrametric-preserving if for all b-metric spaces (X,d), fod is a
ultrametric, and

let UB the set of all ultrametric-b-metric-preserving functions and BU the set of

all b-metric-ultrametric-preserving functions.

The relations between M, B, MB, BM, U, UM, MU, BU, UB are

given as follows.

Proposition 1.4. [6, 7,9, 10] The following statements hold.
(i) MU=BUZCBMCMCB=MBCUB.
(i) BU=MUCU UM CUB.

(i) M CUM.

They also summarized the subset relations in the following diagram
(Figure 1.1). Note that f € A= f € B means f € A implies f € B. In addition,

if there is no arrow from f € A to f € B, it means that A ¢ B.



feun

%%¢%%

feMB=RB € UM

| /

fem feu

|

feBM

T~

feBU=MU

Figure 1.1: Subset Relations

It is well known that if g : [a,b] = R and h : [b, ] — R are continuous

and g(b) = h(b), then the function f : [a, ] — R defined by

g(z), if z €a,b);
flz) =
h(x), if z € b, c)

is also continuous. This is usually called a pasting lemma. A version of a pasting
lemma for metric-preserving functions is given by Dobos [5] but there is no pasting

lemma for b-metric-preserving and other related functionsin the literature.

Theorem 1.5. [5, p.26] Let g, h be melric preserving. Let r > 0 be such that

g(r) = h(r). Define fyp,:[0,00) = [0,00) as follows

9(x),if v € [0,7),
fg,h,r(x> =
h(x),if x € [r,00).

Suppose that g is increasing and concave. Then fg ., is metric preserving iff

Vr,y €[r,00) |z —yl <r—|h(z) = h(y)| < g(jz —yl).



In this thesis, we investigate pasting lemma by substituting continuous
function or metric-preserving functions by generalized metric-preserving functions.
This thesis is organized as follows: In Chapter 2, we recall some basic definitions
and results concerning M, B, MB, BM, U, UM, MU, BU, UB. In Chapter 3,

we show pasting lemmas for functions in B, BM, MU, U, UM, and UB.



Chapter 2

Preliminaries and Lemmas

In this chapter, we recall some basic definitions and results concerning M, B, MB,

BM, U, UM, MU, BU, UB. Throughout this thesis let f : [0, 00) — [0, c0).

Definition 2.1. Let I C [0,00). Then fissaid to be increasing on I if f(z) < f(y)
for all x,y € I satisfying x < y, and f is said to be strictly increasing on I if

f(z) < f(y) for all z,y €T satisfying z < y.

Definition 2.2. The function f is said to be amenable if f~1({0}) = 0.

Definition 2.3. The function f is said to be tightly bounded on (0, 00) if there is

v > 0 such that f(x) € [v,20] for all z > 0.

Definition 2.4. We say that fis subadditive if f(a +0) < f(a)+ f(b) for all
a,b € [0,00) and f is quasi-subadditive if there exists s > 1 such that f(a +b) <

s(f(a)+ f(b)) for all a,b € [0,0).

Definition 2.5. The function f is concave if

f((=t)zy +tzg) > (1 —t) f(21) + tf(22)

for all x1, 2 € [0,00) and ¢ € [0, 1].



Definition 2.6. A triangle triplet is a triple (a, b, c¢) of nonnegative real numbers
for which

a<b+c, b<a+c¢, and c<a+b,

or equivalently,

la—bl<c<a+bd
Let s > 1 and a,b,c > 0. A triple (a,b, c) is a s-triangle triplet if
a<sb+c); b<slat+c), and c<s(a+b).
A triple (a, b, ¢) of nonnegative real numbers is an ultra-triangle triplet if
a < max{a,b} b <max{c,a} and ¢< max{b,c}.

We let A, A, and A be the sets of all triangle triplets, s-triangle triplets and

ultra-triangle triplets, respectively.
Next, we recall some results concerning metric-preserving functions.

Lemma 2.7. [2, 3, 5] If f is amenable, subadditive and increasing on [0,00), then

feM.
Lemma 2.8. [2, 3, 5] If [ is amenable and tightly bounded, then f € M.
Lemma 2.9. [2, 3, 5] If f € M, then f is amenable and subadditive.

Lemma 2.10. [2, 3, 5] Let f be amenable. Then the following statements are
equivalent.
(i) fe M.

(ii) For each (a,b,c) € A, (f(a), f(b), f(c)) € A.



Next, we recall some results concerning b-metric and metric-preserving

functions.

Lemma 2.11. [7] Let f be amenable. Then the following statements are equivalent.

(i) f € B.
(i) f € MB.

(iii) There exists s > 1 such that (f(a), f(b), f(c)) € As for all (a,b,c) € A.

Lemma 2.12. [6] If f € B, then f is amenable and quasi-subadditive.

Lemma 2.13. [6] If f € BM if and only if f is amenable and tightly bounded.

Next, we recall some results concerning ultrametric and metric-preserving

functions.

Lemma 2.14. [9] If f € MU if and only if f is amenable and constant on (0, 00).

Lemma 2.15. [9] If f € U if and only if f is amenable and increasing.

Lemma 2.16. [9] Let f be amenable. Then the following statements are equivalent.
(i) feUM.
(ii) For each (a,b,c) € N, (f(a), f(b), f(c)) € A.

(iii) For each 0 < a <b, f(a) <2f(b).

Next, we recall some results concerning b-metric, ultrametric and metric-

preserving functions.

Lemma 2.17. [10] If f € UB, then f is amenable.



Lemma 2.18. [10] Let f be amenable. Then the following statements are equiva-

lent.
(i) feUnB.

(ii) There exists s > 1 such that (f(a), f(b), f(c)) € Ay for all (a,b,c) € Aw.

(iii) There exists s' > 1 such that f(a) < s'f(b) whenever 0 < a < b.

Lemma 2.19. [5] Let f be amenable. Then f is concave if and only if

Vi>0Vz,y,z€[0,t], x+t=y+2z— flx)+ f1) < fly)+ f(2).



Chapter 3

Main Results

In this chapter, we give pasting lemmas for functions in B, BM, MU, U, UM,

and UB.
Theorem 3.1. (A pasting lemma for functions in B and MB) Let g, h : [0,00) —

[0,00), g, h € B, 7> 0 and g(r) = h(r). Define f :[0,00) — [0,00) by

g(x), if z €[0,7),
flx) =

h(z), ifx € [r,;00).

Suppose that g is increasing, concave, and
V€ [r,00), |z = y| < v = |hlz) = h(y)] < gllz—y)).
Then f € B.
Proof. Since g, h € B, we obtain by Lemmas 2.11 and 2.12 that g is amenable,
ds; > 0 VY(a,b,c) € A, (g(a),g(b),g(c)) € A, and
dsy > 0 V(a,b,c) € A, (h(a),h(b),h(c)) € A,.

Let s = max{si,so} > 0 and let (a,b,¢) € A. Without loss of generality, we can
assume that 0 < a <b<c<a-+b.

Case 1. a,b,c € [0,7). Then
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Case 2. a,b,c € [r,00). Then

Case 3. a,b € [0,r) and ¢ € [r,00). Then

fla) = g(a) < g(b) = f(b) < f(b) + f(c) < s(f(b) + f(c)). (3.1)

Since [r —c|=c—r<a+b—r<r+r—r=r,

9(r) = h(c)| = |h(r) = h(e)| < g(|r—c]) = glc — 7).
Then
—g(e=r1) <g(r) = h(c) < glc =) (3.2)

Then g(r) — g(c —r) < h(e). Since ¢ < a+ b, we obtain c —r < a+b—r < a.

Since g is increasing, g(c— 1) < g(a). So g(a) = g(e—r) > 0. Then
fb) = g(b) <g(r) < glr) +gta) —gle=1) = g(r) — g(c —7) + g(a)
< h(e)+gla) = f(e) £ fla) < s(fle)+ fa)).  (3.3)
Since g is concave, we can substitute t = r, o = a+b—1r, y = a, z = b in
Lemma 2.19 to obtain g(r) + g(a +b—1) < g(a) + g(b). By (3.2), we know that
h(c) < g(r) + g(c — r). Therefore
fle)=h(c) <g(r) +glc—r) < g(r) +gla+b—r)
< g(a) +g(b) = fa) + f(b) < s(f(a) + f(D)). (3.4)

From (3.1), (3.3), and (3.4), we conclude that (f(a), f(b), f(c)) € As.

Case 4. a € [0,7) and b,c € [r,00). Since r < b+¢, b < ¢ < c+r, and
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c<a+b<r+b, wesee that (r,b,c) € A. Since h € B, (h(r),h(b),h(c)) € As,.

Therefore

fla) = g(a) < g(r) = h(r) < s2(h(b) + h(c)) < s(h(b) + h(c)) = s(f(b) + f(c))-
(3.5)
Since |b —¢| = ¢ — b < r, we obtain |h(b) — h(c)| < g(]b — ¢|) = g(c — b). Then

—g(c—0) < h(b) — h(c) < g(ec —b). Therefore

f(0) = h(b) < g(c=b) + h(c) < gla) +h(c) = f(a) + fc) < s(f(a) + f(c) (3.6)

fe) = h(c) < g(c=b) + h(b) < g(a) + 1(b) = fla) + F(b) < s(f(a) + [(D)). (3.7)

From (3.5), (3.6), and (3.7), we obtain (f(a), f(b),f(c)) € A, In any case,

(f(a), f(b), f(c)) € Ay, asrequired. Therefore f & B and the proof is complete. [

Theorem 3.2. (A pasting lemma for functions in BM) Let. g, h: [0,00) — [0, 00),

g,h € BM, r >0, and g(r)="h(r). Define f:]0,00) — [0,00) by

g(z), ifr €0,7),
f(z) =
h(z), if x € [r,00).

Let A = sup,e(go0) f(2) and B = inf,c(0 o) f(x). Then

(1) A = max {Supr(O,T) g(l’), Supxe[r,oo) h($)} and

B = min {infze(om) g(z),inf e 00 h(l‘)},

and the following statements are equivalent
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(i) f € BM
(iii) A < 2B
(iv) sup,e(o 9(7) < 2infoco0) h(z) and sup,ep, o) h(x) < 2infieo,) 9(2).

Proof. By Lemma 2.13, we see that inf.co,) g(2), Sup,e(o,) 9(2), infrefro0) h(2),
and SUp,c(.o0) h(7) exist. Then sup,¢ (g ) f(7) and inf,co o) f(2) exist, and the
statement (i) is obvious. Next assume that (ii) holds. By Lemma 2.13, there exists
v > 0 such that v < f(z) < 2v for all z € (0,00). Then v < B < A < 2v.
Therefore 2B > 2v > A, which proves (iii). Next, suppose (iii) holds. Then for

each z € (0,00), we have

B= inf f(z)< f@)< suwp f(z)=A<2B.

2€(0,00) 2€(0,00)
So f is tightly bounded. By Lemma 2.13; g and h are amenable. So f is also
amenable. Applying Lemma 2.13 again, we obtain f € BM, as required. Hence

(ii) and (iii) are equivalent. Next, we prove (iii) implies (iv). We have

sup g(x) < max{ sup “g(x), sup h(x)} = A<2B

z€(0,r) z€(0,r) T€[r,00)

= Qmm{ inf g(z), inf h(x)} <2 inf h(x),
z€(0,r) z€[r,00) z€[r,00)
and similarly

sup h(zx) <A<2B <2 inf g(x),

z€[r,00) z€(0,r)

which proves (iv). Finally, assume that (iv) holds.
Case 1 sup,cg,) 9(T) > SUp,epo0) A(w). Then A = sup,cq, 9().

Since g € BM, we can use an argument similar to the prove of (ii)=-(iii) to
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obtain that

sup g(x) <2 inf g(x).

x€(0,r) z€(0,r)
By (iv),
sup ¢g(x) <2 inf h(x).
e (0r) )
Therefore

A< min{2 inf g(x),2 inf h(x)} 2min{ inf g¢(z), inf h(x)} = 2B.
2 (0,r) € (r,00) 2€(0,r) €[r,00)

Case 2 sup,c(,) 9(7) < SUPsepyo0) (). Then A = sup,¢(, o) h(z). Similar to

Case 1, since h € BM, we have sup,ci, ) h(2) < 2inf,c o) h(z). By (iv),

SUD, e[y 00) () < 2infre o, g(2). These imply A <2B.

In any case, A < 2B, which proves (iii). So the proof is complete. [

Theorem 3.3. (A pasting lemma for functions in MU and BU) Let g, h : [0, 00) —

[0,00), g, h € MU, r >0 and g(r) = h(r). Define f: [0,00) = [0,00) by

g(@), ifz€l0,r),
flx)y=

h(x), “if v € [r,00).
Then f e MU.
Proof. Since g,h € MU, by Lemma 2.14, g and h are amenable and constant on

(0,00). Since g(r) = h(r) for all r > 0, we have g(z) = g(r) = h(r) = h(z) for all

x> 0. Then f is amenable and constant on (0,00). Therefore f € MU. O
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Theorem 3.4. (A pasting lemma for functions in U) Let g, h : [0,00) — [0,00),

g, h €U, r>0and g(r) = h(r). Define f:[0,00) — [0,00) by

g(x), ifze[0,r),
flx) =
h(z), if x € [r,00).
Then felU.
Proof. Since g,h € U, by Lemma 2.15, g and h are amenable and increasing.

Since g(r) = h(r) and h is increasing, we have h(z) > g(r) for all x > r. Then f

is increasing. Since g is amenable, sois f. Therefore f € U. O]

Theorem 3.5. (A pasting lemma for functions in UM) Let g, h : [0,00) — [0, 00),

g, heUM, r>0 and g(r) = h(r). Define f :[0,00) — [0,00) by

g(r), ifwe|0,r),
f(z) =

h(z), ifx € [r,00).
Then f € UM if and only if sup,¢ o) 9() < 2infiepo0) h(2).
Proof. We use Lemma 2.16 throughout the proof without further reference.
Assume f € UM. Since g(a) < 2¢g(r) for every a € (0,7), sup,c( ) g(x) exists.

Since h(b) > 5h(r) for every b € [r,00), infyepro0) h(x) exists. Let x € (0,r) and

1
2

y € [r,00). Then z <y and

g(x) = f(z) < 2f(y) = 2h(y).
Then g(z) < 2h(y) for all z € (0,7). Hence sup,cq,9(r) < 2h(y). Since

SUD,e (0, 9(2) < 2h(y) for all y € [r, 00), we have

sup g(x) < inf 2h(y) =2 inf h(y).
e (0) yelroo) yelr,oo)
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For the converse, assume that sup,e(,) 9(z) < 2infief o) h(z). Let 0 < a <.

If a,b < r, then f(a) = g(a) < 2¢g(b) = 2f(b). If a,b > r, then f(a) = h(a) <

2h(b) = 2f(b). So suppose that a < r < b. Then

f(a) = gla) < sup g(x) <2 inf h(z) < 2h(5) = 24(b).

z€(0,r) z€[r,00)

In any case, f(a) < 2f(b). Hence f € UM. This completes the proof.

O

Theorem 3.6. (A pasting lemma for functions in UB) Let g, h : [0,00) — [0, 00),

g,heUB, r>0 and g(r) = h(r). Define f :[0,00) — [0,00) by

glx), ifz €0r),
flx) =
h(x), if x € [r,00).

Then f € UB.

Proof. Since g, h € UB, by Lemma 2.18, we have

ds3. > 1V 0<a<b gla) < s9(b) and

dso > 1V 0 <a<b, h(a)<sh(b).

Since g(a) < s19(r) for every a € (0,7), sup,¢( ) g(x) exists. Since h(b) > éh(r)

for every b € [r,00), inf e, 00) h(2) exists and is positive. Then there exists s3 > 1

such that

sup g(z) < sz inf h(x).

z€(0,r) z€[r,00)

To show that f € UB, we choose s = max{sy, s2,s3}. Let 0 < a <b. If a,b <,

then f(a) = g(a) < s19(b) < sg(b) = sf(b). If a,b > r, then f(a) = h(a) <
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sah(b) < sh(b) = sf(b). So suppose that a < r < b. Then

fla) =g(a) < sup g(x) <s3 inf h(z)<s inf h(z) <sh(b)=sf(b).

z€(0,r) x€[r,00) x€[r,00)

In any case, we have f(a) < sf(b). Therefore f € UB, as desired, so the proof is

complete. O

From the subset properties in Proposition 1.4, we immediately obtain

the following theorems.

Theorem 3.7. Let g,h : [0,00) = [0,00), r > 0 and g(r) = h(r). Define f :
[0,00) = [0,00) by
g9(); if '€ ]0,7),
h(x), ifx € r,00).
Then
(i) If g,h € MU, then f € BM.
(ii) If g,h € MU, then f € M.
(iii) If g,h € MU, then f € B.
(iv) If g, h € MU, then f € U.
(v) If g,h € MU, then f € UM.

(vi) If g,h € MU, then f € UB.

Proof. This follows immediately from Proposition 1.4 and Theorem 3.3. O

Theorem 3.8. Let g,h : [0,00) — [0,00), r > 0 and g(r) = h(r). Define f :
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[0,00) — [0,00) by
g(z), ifzelo,r),
h(z), ifx € r,c0).
Then
(i) If g,h € U, then f € UM.

(ii) If g,h € U, then f € UB.
Proof. This follows immediately from Proposition 1.4 and Theorem 3.4. O]

Theorem 3.9. Let g,h : [0,00) — [0,00), r > 0 and g(r) = h(r). Define f :
[0,00) = [0,00) by

g(z), if v €[0,7),

Then

(i) If g,h € MU, then f €U.

(ii) If g,h € MU, then f € UM.

(iii) If g,h € MU, then f € UB.

(iv) If g € MU and h € U, then f e U.

(v) If g € MU and h € U, then f € UM.
(vi) If g € MU and h € U, then f € UB.
(vil) If g €U and h € MU, then f € U.
(vili) If g € U and h € MU, then f € UM.

(ix) If g €U and h € MU, then f € UB.

Proof. This follows immediately from Proposition 1.4 and Theorem 3.4. O
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Theorem 3.10. Let g,h : [0,00) — [0,00), 7 > 0 and g(r) = h(r). Define
f:10,00) = [0,00) by
g(z), ifxel0r),
flz) =
h(x), ifx € r,00).
Let A be one of the following sets : MU, BM, M, B, U, UM. Then if g,h € A,

then f € UB.

Proof. This follows immediately from Proposition 1.4 and Theorem 3.6. O]

Next, we give some examples to show that
(i) g € BM, h € BM but f ¢ BM,

(i) ge M, h e Bbut f ¢ M,

(iii) g € B, h € B but f ¢ M,

(iv) g € MU, h € UM but f ¢ MU, and

(v) g €U, h € MU but f ¢ MU.

( (
0, if r=0, 0, ifr=0,

Example 3.11. Let g(x) = 1, ifze(0,2), and h(z) = 2, ifx€(0,2],

2, ifxe(2,00) 3, ifx e (2,00).
\ \
Since g and h are amenable and tightly bounded, we have g, h € BM.
g(x), ifxel0,2),
We will show that f(x) = is not tightly bounded.
h(z), if z € [2,00)



20

0, ifx=0,

1, ifze€(0,2),
We have f(z) =

92, ifx=2

3, ifz e (2,00).
\
To show that f is not tightly bounded, let @ > 0. Then a <1 or a > 1.

Case 1. a < 1. Then 2a < 2. Choose x = 3. So f(x) = 3 > 2a. Then
f(z) ¢ [a, 2a].

Case 2. a > 1. Choose x = 1. Then f(x) =1 < a,so f(z) ¢ [a,2a].

In any case, f(z) ¢ [a,2al, so fis not tightly bounded. This example show that

g,h € BM but f ¢ BM.

Example 3.12. Let g(z) =z and h(z) = 2? Then g € M and h € B. We will

gla), ita €[0,1),
show that f(z) = is not metric-preserving function.

h(z), if x €1, 00)

x, it xe|0,1),
We have f(z) =

22, if v €1, 00).

Let a = 3, b =1, and ¢ = 2. We see that (3,1,2) € A. Then f(3) = 9 and
F()+£(2) =5. S0 (f(3), f(1), f(2)) ¢ A. Then f ¢ M. This example show that

g€ M and h € Bbut f ¢ M.
Since M C B, we also obtain example of g € B, h € B but f ¢ M.

0, ifxz=0, x, ifz <1,
Example 3.13. Let g(z) = and h(x) =

1, ifz>0 , ifx > 1.

N[
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Since ¢ is amenable and constant on (0,00), g € MU.

g(x), ifzel0,1),

By [9, Example 22|, we have h € U M. We will show that f(x) =

h(z), if x €[l,00)

(
0, ifx=0,
is not ultrametric-metric-preserving function. We have f(x) = ¢ 1 if, ¢ (0, 1]
Y ) Y
\%, if z € (1, 00).

Since f is not constant on (0, 00), f & MU. This example show that g € MU and

heUM but f ¢ MU.

0, if x =20,
Example 3.14. Let g(z) = o and h(z) = We see that g € U.

2, ifz>0.
Since h is amenable and constant on (0,00); h € MU. We will show that
g(x), ifxel0,2),
f(x) = is not metric-ultrametric-preserving function. We

h(z),if z € [2,00)

z, ifxze€[0,2),
have f(x) = Since f is not constant on (0, 00), f ¢ MU. This

2, ifx€[2,00).
example show that ¢ € 4 and h € MU but f ¢ MU.



1]

2]

[10]

[11]

References
I. A. Bakhtin, The contraction mapping principle in quasimetric spaces, Func-
tional Analysis, 30 (1989), 26-37.

J. Borsik and J. Dobos, Functions whose composition with every metric is
metric, Mathematica Slovaca, 31 (1981), 3-12.

P. Corazza, Introduction to metric-preserving functions, The American Math-
ematical Monthly, 106 (1999), 309-323.

P. P. Das, Metricity preserving transforms, Pattern Recognition Letters, 10
(1989), 73-76.

J. Dobos, Metric preserving functions, http://web.science.upjs.sk/jozefdobos/wp-

content /uploads/2012/03 /mpfl.pdf; (1989), 26.

T. Khemaratchatakumthorn and P. Pongsriiam, Remark on b-metric and met-
ric preserving functions, Mathematica Slovaca, 68 (2018), 1009-1016.

T. Khemaratchatakumthorn, P. Pongsriiam, and S. Samphavat, Further Re-
marks on b-Metrics, Metric-Preserving Functions, and other Related Metrics,
International Journal of Mathematics and Computer Science, 14 (2019), 473
480.

M. Krasner, Nombres semi-réel et espaces ultramétriques, Comptes rendus de
I’Académie des Sciences, 219 (1944), 433.

P. Pongsriiam and [. Termwuttipong, Remarks on Ultrametrics and Metic-
Preserving Functions, Abstract and Applied Analysis, (2014).

S. Samphavat, T. Khemaratchatakumthorn, and P. Pongsriiam, Remarks on
b-Metrics, Ultrametrics, and Metric-Preserving Functions, Mathematica Slo-
vaca, 70 (2020), 1-10.

W. A. Wilson, On certain type of continuous transformations of metric space,
American Journal of Mathematics, 57 (1935), 62—68.



23



International Journal of Mathematics and ( M)
Computer Science, 16(2021), no. 4, 1591-1598 G5

Pasting Lemmas for b—Metric Preserving and
Related Functions

Tammatada Khemaratchatakumthorn, Duangpon Siriwan

Department of Mathematics
Faculty of Science
Silpakorn University
Nakhon Pathom, 73000, Thailand

email: tammatada@gmail.com, khemaratchataku_t@silpakorn.edu
duangpon.siriwan@gmail.com

(Received May 5, 2021, Accepted June 7, 2021)

Abstract
Previously ([7],[8]), we established some relations between b—metrics

and metric-preserving functions. In this article, we give pasting lem-
mas for those functions.

1 Introduction

It is well known that if ¢ :[a,b] — R and & : [b,¢] = R are continuous and
g(b) = h(b), then the function f : [a,c] — R defined by

_Jgl@), ifze€lab);
f(x)_{h(x), it € [b, ]

is also continuous. This is usually called a pasting lemma. A version of
a pasting lemma for metric-preserving functions is given by Dobos [6, p.
26] but there is no pasting lemma for b—metric-preserving and other related
functions in the literature. So we provide such a lemma in this article. Let us
recall the definitions and useful results on b—metrics and metric-preserving
functions which were previously given in [7, 8] as follows:
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Definition 1.1. Let X be a nonempty set. A function d : X x X — [0,00)
1s called a b—metric if it satisfies the following three conditions:

(B1) forallz,y € X, d(x,y) =0 if and only if v =y,
(B2) forallxz,y € X, d(z,y) =d(y,z),
(B3) there exists s > 1 such that

d(z,y) < s(d(z,z) + d(z,y)) foralxyzeX.

Definition 1.2. The function f :[0,00) — [0, 00) is called metric preserving
if for all metric spaces (X, d), f od is a metric on X.

The concept of b-metrics appears in many articles (for example in [3,
5, 7, 11]). We also refer the reader to [1, 2, 4, 6, 10] for more informa-
tion on metrie-preserving functions and to [9] for applications in fixed point
theory. In connection with metric-preserving functions and b—metrics, Khe-
maratchatakumthorn and Pongsriiam [7] define the following notions:

Definition 1.3. Let f : [0,00) — [0,00). We say that

(i) f is b—metric-preserving if for all b—metric spaces (X,d), fod is a
b—metric on X,

(ii) f is metric-b—metric-preserving if for all metric spaces (X,d), fod is
a b—metric on X, and

(iii) f is b—metric-metric-preserving if for all b-metric spaces (X,d), fod
18 a metric on X.

We let M be the set of all metric-preserving functions, B the set of all
b—metric-preserving functions, MB the set of all metric-b—metric-preserving
functions, and BM the set of all b—metric-metric-preserving functions.

From [7, Theorem 15 and Example 16] and [8, Theorem 3.1], we have the
following theorem.

Theorem 1.4. [7, 8] We have BM C M C B = MB, M € BM, and
BZ M.



Pasting b—Metric Preserving... 1593

2 Preliminaries and Lemmas

In order to prove our main theorem, we need to recall some basic definitions
and results in [7].

Let f:[0,00) — [0,00) and let I C [0, 00). Then f is said to be increasing
on Iif f(x) < f(y) for all z,y € I satisfying < y, and f is said to be strictly
increasing on [ if f(z) < f(y) for all z,y € I satisfying © < y. The notion
of decreasing or strictly decreasing functions is defined similarly.

The function f is said to be amenable if f='(0) = {0}, and f is said to
be tightly bounded on (0, c0) if there is v > 0 such that f(z) € [v,2v] for all
x > 0. We say that f is concave if f((1 =t)zy + txg) > (1 =) f(x1) +tf(x2)
for all z1,29 € [0,00) and ¢t € {0,1]. In addition, we say that f is quasi-
subadditive if there exists s > 1 such that f(a + b) < s(f(a) + f(b)) for all
a,b € [0,00).

Definition 2.1. A triangle triplet is a triple (a,b,c) of nonnegative real
numbers for which

a<b+c, b<a+c, andc<a+b,

or, equivalently,
la =b] < c<a+b.

Let s > 1 and a,b,c> 0. A triple (a,b,¢) is an s-triangle triplet if
a<sb+e),b<s(a+ec), andc < s(a+b).

Let A and A, be the sets of all triangle triplets and s—triangle triplets,
respectively.

Next, we recall results concerning b—metrics and metric-preserving func-
tions. Again, we let f :[0,00) — [0, 00) throughout.

Lemma 2.2. [7] f € BM if and only if f is amenable and tightly bounded.
Lemma 2.3. [7] If f € B, then f is amenable and quasi-subadditive.

Lemma 2.4. [7, 8] Suppose [ is amenable. Then f € B if and only if there
exists s > 1 such that (f(a), f(b), f(c)) € Ay for all (a,b,c) € A.

Lemma 2.5. [6, p. 12] Let f be amenable. Then f is concave if and only if
forallt >0 and x,y,z € [0,t] if v+t = y+2z, then f(x)+ f(t) < f(y)+ f(2).
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3 Main Results

We begin with a pasting lemma for functions in B. We see that a slight
modification from those in M is enough. In addition, by Theorem 1.4, this
also gives a pasting lemma for functions in MB as follows.

Theorem 3.1. (A pasting lemma for functions in B and MB) Let g,h € B,
r >0, and g(r) = h(r). Define f:[0,00) — [0,00) by
Tt
Suppose that g is increasing, concave, and
Va,y € [r,00), |z — y| <r= |h(2) — h(y)| < g(lz —yl).
Then f € B.
Proof. Since g, h € B, by Lemmas 2.3 and 2.4 there are s1, s, > 1 such that
(g9(a),g(b),g(c)) € As, and (h(a), h(b), h(c)) € Ag, for every (a,b,c) € A.
Let s = max{sy,so} and let (a,b,c) € A. Without loss of generality, as-

sume 0 < a <b<c¢<a+b Ifabecel0r),then (f(a),f(b),f(c)) =
(9(a), g(b), g(c)) € Ay, © Ay M a;b,c € [r,00), then (f(a), f(b), f(c)) =
(h(a), h(D), h(c)) € A; T A So-it-remains to consider the cases where
a,b,c are not in the same-interval. If ¢ € [0,7), then a,b € [0,7) too. So
there are two cases left to consider as follows.

Case 1. a,b € [0,7)and ¢ € [r,00). Then

fla) = gla) < g(b) = f(b) < f(b) + f(c) < s(f(b) + f(c)). (3.1)

Since [r —¢|=c—r<a+b—r<r+r—r=r,

l9(r) = h(e)| = [h(r) = h(c)| < g(|r —¢|) = glc — 7).

Then
—glc—7) < g(r) = h(c) < gle 7). (3.2)
Then g(r) — g(c —r) < h(c). Since c<a+b,c—r<a+b—r <a. Since g
is increasing, g(c — r) < g(a) and therefore
f(b) = g(b) < g(r) < g(r) +g(a) —g(c—r) = (g(r) — g(c — 7)) + g(a)
< hie) +g(a) = f(c) + f(a)
< 5(f(c) + f(a)). (3.3)
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Since ¢ is concave, we can substitute t =r, x =a+b—1r,y =a, 2z = b in
Lemma 2.5 to obtain g(a +b —r) + g(r) < g(a) + g(b). By (3.2), h(c) <
g(r) + g(c — r). Therefore

f(e) =hle) < g(r) +g(e—r) <g(r)+gla+b—r)
< gla) +9(b) = f(a) + f(b)
< s(f(a) + f(b)). (3.4)
From (3.1), (3.3), and (3.4), we conclude that (f(a), f(b), f(c)) € A

Case 2. a € [0,r) and b,c € [r;o0). Since r < b+¢, b<c< c+r and
c <a+b<r+b we see that (r,b,c) € A Then (h(r), h(b),h(c)) € As,.
Therefore

g(r) = hir) < s2(h(b) + h(c))
s(h(b) + h(c)) = s(f(b) £ f(c))- (3.5)

Since [b —¢| = ¢ — b < 7, |h(b) = h(c)] < g(lb —c|) = g(c —b). Then
—g(c—b) < h(b) — h(c) < gle—10) and therefore

(@Y7 (O <5 (@) ), (3.6)

and

f(e) = h(e) < gle = b) + h(b) < g(a)+ (D)
= fla) + (b} < s(f(a) + f(b)). (3.7)

From (3.5), (3.6), and (3.7), we obtain (f(a), f(b), f(c)) € As. In all cases,
(f(a), f(b), f(c)) is in A, as required. Consequently, f € B and the proof is
complete. O

It remains to consider functions in BM.

Theorem 3.2. (A pasting lemma for functions in BM) Let g,h € BM,
r >0, and g(r) = h(r). Define f :[0,00) — [0,00) by

L fo, e,
/(@) {h(x), if x € [r,00).

Let A = sup,¢ (g0 f(7) and B = infoc000) f(z). Then
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(i) A =max {sup,c ) 9(2), SUP,ep.o0) M) } and
B = min {infxe(om) 9(x),inf ey o0) h(x)},
and the following statements are equivalent
(i) f e BM
(iii) A< 2B
(iv) sup,e(m 9(7) < 2infogfr ooy (@) and sup i, o) h(x) < 2infre o) 9(2).

Proof. By Lemma 2.2, it follows that inf,c0 ) g(%); Sup,e(o.r) 9(2), infrefr 00) A(),
and SUp, c(,. o0y M) exist. Then sup, ..y f(2) and inf,e o ) f(7) exist, and
the statement (i) is obvious. Next, assume that (ii) holds. By Lemma 2.2,
there exists v > 0 such that v < f(z) < 2v for all x € (0,00). Then

v < B < A < 2v. Therefore 2B > 2v > A, which proves (iii). Now, suppose
(iii) holds. Then for each z € (0, 00), we have

B= inf f(z)< f(x) < sup f(x)=A<2B.

2€(0,50) 2E(0,00)

So f is tightly bounded. By Lemma 2.2; g and h are amenable. So f is
also amenable. Applying Lemma 2.2 again, we obtain f € BM, as required.
Hence (ii) and (iii) are equivalent. Next, we prove (iii) implies (iv). We have

z€(0,r) z€(0,r) ZTE[r,00)

sup g(z) < max{ sup ¢g(z), sup h(x)} =A<2B

= Zmin{ inf g(x), inf h(x)} <2 inf h(x),
z€(0,r) ZE[r,00) z€[r,00)
and, similarly,
sup h(z) < A<2B <2 inf g(z),

z€[r,00) z€(0,r)

which proves (iv). Finally, assume that (iv) holds.
Case 1. sup,¢ (g, 9(T) > SUDP,c)y00) M(2). Then A = sup,¢ (g, g(z). Since

g € BM, we can use an argument similar to the prove of (ii)=-(iii) to obtain

sup g(z) <2 inf g(x).
ze(0,r) ze(0,r)

By (iv),
’ sup g(x) <2 inf h(x).

ze(0,r) z€[r,00)
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Therefore

ASmin{? inf g¢(z),2 inf h(x)}

z€(0,r) T€[r,00)

= 2min{ inf g¢(z), inf h(x)} =2B.
z€(0,r) z€[r,00)
Case 2. sup,¢(p,) 9(7) < SUDsepo0) (@) Then A =sup,¢(, o) h(x). Similar
to Case 1, since h € BM, we have sup, ¢, o) 2(2) < 2infoc) o) h(z). By (iv),
SUDefr00) P(T) < 2inf,c(0) g(#). These imply A < 2B.
In all cases, A < 2B, which proves (iii). So the proof is complete. O

Pasting lemmas for other functions will be given in a future article.
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